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PRODUCT STRUCTURES IN FLOER THEORY FOR LAGRANGIAN
COBORDISMS
NOÉMIE LEGOUT
Abstract. We construct a product on the Floer complex associated to a pair of Lagrangian
cobordisms. More precisely, given three exact transverse Lagrangian cobordisms in the sym-
plectization of a contact manifold, we define a map m2 by a count of rigid pseudo-holomorphic
disks with boundary on the cobordisms and having punctures asymptotic to intersection points
and Reeb chords of the negative Legendrian ends of the cobordisms. More generally, to a
(d + 1)-tuple of exact transverse Lagrangian cobordisms we associate a map md such that
the family (md)d≥1 are A∞-maps. Finally, we extend the Ekholm-Seidel isomorphism to an
A∞-morphism, giving in particular that it is a ring isomorphism.
1. Introduction
1.1. Background. A contact manifold (Y, ξ) is a smooth manifold Y equipped with a completely
non-integrable plane field ξ called a contact structure. We consider ξ cooriented, which means
that there is a 1-form α such that ξ = ker(α) and α ∧ dα 6= 0. The form α is called a contact
form for (Y, ξ). In particular, Y is an odd dimensional manifold. The Reeb vector field Rα
associated to (Y, α) is the unique vector field on Y satisfying dα(Rα, ·) = 0 and α(Rα) = 1. In
this article, we consider a particular type of contact manifold which is the contactization of a
Liouville manifold.
A Liouville domain (P̂ , ω̂, X) is a compact symplectic manifold with boundary equipped with
a vector field X satisfying:
(1) LX ω̂ = ω̂
(2) X is pointing outward on ∂P̂ .
where LX is the Lie derivative. Condition (1) can be rewritten dιX ω̂ = ω̂ because ω̂ is closed,
and thus this implies that it is an exact form ω̂ = dβ, with β = ιX ω̂. The 1-form β restricted to
∂P̂ is a contact form, and the completion of (P̂ , ω̂) is the non compact exact symplectic manifold
(P, ω = dθ) defined by
P = P̂ ∪
∂P̂
(
[0,∞)× ∂P̂
)
and θ is equal to β on P̂ , and to eτβ|∂P̂ on [0,∞) × ∂P̂ , with τ the coordinate on [0,∞). The
Liouville vector field X on P̂ can be extended to the whole (P, dθ). The manifold (P, θ) is called
a Liouville manifold. The well-known symplectic manifolds (R2n,
∑
i dxi∧dyi) and (T
∗M,−dλ),
the cotangent fiber bundle of a smooth manifold M equipped with the standard Liouville form,
are examples of Liouville manifolds.
The contactization of a Liouville manifold (P, dθ) is the contact manifold (P ×R, dz+θ) where
z is the coordinate on the R-factor. For example, the contactization of (T ∗M,−dλ) is the 1-jet
space J1(M). From now, we fix a (2n + 1)-dimensional contact manifold (Y, α) which is the
contactization of a 2n-dimensional Liouville manifold (P, dθ). Remark that for this special type
of contact manifold, the Reeb vector field is ∂z , in particular there are no closed Reeb orbits.
A Legendrian submanifold Λ ⊂ Y is a submanifold of dimension n such that α|TΛ = 0,
which means that for all x ∈ Λ, TxΛ ⊂ ξx. The Reeb chords of a Legendrian submanifold Λ
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are Reeb-flow trajectories that start and end on Λ. Compact Legendrian submanifolds in the
contactization of a Liouville manifold generically have a finite number of Reeb chords. These
chords correspond to vertical lines which start and end on Λ. Let γ be a Reeb chord of length
ℓ which starts at a point x− ∈ Λ and ends at x+ ∈ Λ, and let us denote ϕRt the Reeb flow. If
dx−ϕ
R
ℓ (Tx−Λ) and Tx+Λ intersect transversely, we say that the Reeb chord γ is non-degenerate,
and then Λ is called chord generic if all its Reeb chords are non-degenerate. From now, we will
only consider compact chord generic Legendrian submanifolds, and we denote by R(Λ) the set
of Reeb chords of Λ. If Λ1,Λ2, . . . ,Λd are d Legendrian submanifolds of Y , we can consider the
union Λ = Λ1 ∪ · · · ∪ Λd. Reeb chords of Λ from Λi to itself are called pure Reeb chords while
those from Λi to Λj with i 6= j are called mixed Reeb chords. We denote by R(Λi,Λj) the set of
Reeb chords from Λi to Λj .
The Lagrangian projection of a Legendrian submanifold Λ ⊂ Y = P × R is the image of Λ
under the projection ΠP : P × R → P . Reeb chords of Λ are then in bijection with intersection
points of ΠP (Λ). In the particular case where the contact manifold is the 1-jet space of a
manifold M (i.e. Y = J1(M) = T ∗M × R), the front projection of Λ is the image of Λ under
ΠF : J
1(M)→M ×R. In this case, Reeb chords are in bijection with vertical segments in M ×R
beginning and ending respectively on points c−, c+ ∈ ΠF (Λ), and such that the tangent spaces
Tc−ΠF (Λ) and Tc+ΠF (Λ) are equal.
One natural question when studying Legendrian submanifolds is to understand whether two
Legendrian submanifolds Λ0,Λ1 ⊂ Y are Legendrian isotopic or not (i.e. is there a smooth
function F : [0, 1]×Λ→ Y such that Λ is a n-dimensional manifold and F (t,Λ) is a Legendrian
submanifold of Y for all t ∈ [0, 1], with F (0,Λ) = Λ0 and F (1,Λ) = Λ1?). A lot of work has been
achieved in order to answer this question of classification under Legendrian isotopy of Legendrian
submanifolds. There exists a lot of Legendrian isotopy invariants, among which the first were the
classical ones, namely the smooth isotopy type, the Thurston-Bennequin invariant and the rota-
tion class (see for example [Etn, EES05b]). The development then of non-classical invariants gave
new directions in order to understand better Legendrians. One of the first non-classical invariants
is a relative version of contact homology [EGH00] called the Legendrian contact homology. It
was defined by Eliashberg in [Eli98] using pseudo-holomorphic curves techniques. Independently,
it was defined combinatorially by Chekanov for Legendrian links in (R3, dz−ydx) in [Che02], and
this combinatorial description was generalized in higher dimension by Ekholm, Etnyre and Sul-
livan [EES05a, EES07]. These two definitions were then shown to compute the same invariant,
by Etnyre, Ng and Sabloff [ENS02] in dimension 3, and by Dimitroglou-Rizell [DR16b] in all di-
mension. This is a very powerful Legendrian isotopy invariant which gave rise to numerous other
invariants, as for example the linearized and “multi-linearized” versions of Legendrian contact
homology, using augmentations of the differential graded algebra introduced by Chekanov. Then
there are higher algebraic structures on linearized Legendrian contact cohomology that are Leg-
endrian isotopy invariants, as a product structure and an A∞-algebra structure (see [CKE
+11]),
and more generally, there are A∞-categories Aug−(Λ) and Aug+(Λ), called the augmentation
categories of a Legendrian submanifold (see [BC14], [NRS+], and Subsection 3.2 for Aug−(Λ)).
In parallel to these invariants defined by pseudo-holomorphic curves counts, other types of Leg-
endrian isotopy invariants have been defined, by generating functions techniques. We will not
go through these invariants in this article, nevertheless, even if the definition of this two types
(pseudo-holomorphic curves vs generating functions) of invariants are really different, they are
closely related. Indeed, the existence of a (linear at infinity) generating family for a Legendrian
knot Λ in R3 implies the existence of an augmentation such that the linearized contact homology
of Λ is isomorphic to the generating family homology of Λ (see [FR11]). In higher dimension, the
relation is not so clear. However, there are parallel results in the Legendrian contact homology
side and the generating family homology side, as for example a duality exact sequence ([EES09]
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[ST13]), and also results relying the Legendrian invariants and the topology of a Lagrangian
filling of the Legendrian ([Cha10] [Gol13] [Ekh12] [DR16b] [ST13]). To continue along this path,
we could imagine to define the algebraic structures appearing in this paper in the generating
family setting, that is to say a generating family Floer complex, and a generating family product
on Floer complexes, that could be related through the cobordism maps to the product structure
on generating family homology defined by Myer ([Mye]).
In this article, we will be interested in the relation of exact Lagrangian cobordisms between
Legendrian submanifolds, introduced by Chantraine in [Cha10]. These objects live in the sym-
plectization of the contact manifold (Y, α), which is the symplectic manifold (R×Y, d(etα)) where
t is the coordinate on R.
Definition 1. An exact Lagrangian cobordism from Λ− to Λ+, denoted Λ− ≺Σ Λ
+, is a sub-
manifold Σ ⊂ R× Y satisfying the following:
(1) there exists a constant T > 0 such that:
− Σ ∩ (−∞,−T )× Y = (−∞,−T )× Λ−,
− Σ ∩ (T,∞)× Y = (T,∞)× Λ+,
− Σ ∩ [−T, T ]× Y is compact.
(2) there exists a smooth function f : Σ→ R such that:
(a) etα|TΣ = df ,
(b) f|(−∞,−T )×Λ− is constant,
(c) f|(T,∞)×Λ+ is constant.
Remark 1. Condition (a) above says by definition that Σ is an exact Lagrangian submanifold
of (R×Y, d(etα)). Moreover, using the fact that Σ is a cylinder over Λ− in the negative end and
a cylinder over Λ+ in the positive end, condition (a) implies that f is constant on each connected
component of the negative and the positive ends of Σ. Conditions (b) and (c) imply that f is
in fact globally constant on each end (the constant on the positive end is not necessarily the
same as the constant on the negative end). Thus, if Λ± are connected, conditions (b) and (c)
are automatically satisfied.
We denote by Σ := [−T, T ]× Σ the compact part of the cobordism and the boundary com-
ponents ∂−Σ = {−T } × Λ
− and ∂+Σ := {T } × Λ
+. In the case where Σ is diffeomorphic to a
cylinder, we call it a Lagrangian concordance from Λ− to Λ+ and denote it simply Λ− ≺ Λ+,
and when Λ− = ∅, Σ is called an exact Lagrangian filling of Λ+. The existence of a Lagrangian
cobordism between two Legendrian submanifolds is in some sense weaker than the existence of a
Legendrian isotopy, but if we restrict to the study of Lagrangian concordances, this is not clear.
Indeed, a Legendrian isotopy induces a Lagrangian concordance [EG98, Cha10], but if there are
concordances Λ1 ≺ Λ2 and Λ2 ≺ Λ1, it is not known if it implies that Λ1 and Λ2 are Legendrian
isotopic. Also, as evoked above, some Legendrian isotopy invariants give obstructions to the ex-
istence of Lagrangian cobordisms (see for example [Cha10, Ekh12, ST13, CNS16, Pan17], which
is absolutely not an exhaustive list). In the same vein, Chantraine, Dimitroglou-Rizell, Ghiggini
and Golovko ([CDRGG]) have defined a Floer-type complex associated to a pair of Lagrangian
cobordisms, the Cthulhu complex, in order to understand better the topology of a Lagrangian
cobordism between two given Legendrians. The goal of this article is to provide a richer algebraic
structure associated to Lagrangian cobordisms.
1.2. Results. Let Λ−1 ≺Σ1 Λ
+
1 and Λ
−
2 ≺Σ2 Λ
+
2 be two exact transverse Lagrangian cobordisms,
such that the Chekanov-Eliashberg algebras (Legendrian contact homology algebras) A(Λ−1 ) and
A(Λ−2 ) admit augmentations ε
−
1 and ε
−
2 respectively. The Cthulhu complex (Cth(Σ1,Σ2), dε−1 ,ε
−
2
)
associated to the pair (Σ1,Σ2) is generated by Reeb chords from Λ
+
2 to Λ
+
1 , intersection points
4 NOÉMIE LEGOUT
in Σ1 ∩ Σ2, and by Reeb chords from Λ
−
2 to Λ
−
1 . Given ε
+
1 and ε
+
2 augmentations of A(Λ
+
1 )
and A(Λ+2 ) respectively induced by ε
−
1 and ε
−
2 (see Section 3.3), the differential of the Cthulhu
complex is a linear map defined by a count of rigid pseudo-holomorphic curves with boundary on
Σ1 and Σ2 (see Section 4.1). This complex admits a quotient complex CF−∞(Σ1,Σ2), generated
only by intersection points and Reeb chords from Λ−2 to Λ
−
1 , called the Floer complex of the pair
(Σ1,Σ2). The main result of this article is the following:
Theorem 1. Let Σ1,Σ2 and Σ3 be three transverse exact Lagrangian cobordisms from Λ
−
i to Λ
+
i ,
for i = 1, 2, 3, where Λ±i are Legendrian submanifolds of P ×R such that the Chekanov-Eliashberg
algebras A(Λ−i ) admit augmentations. Then, for any choice of augmentation ε
−
i of A(Λ
−
i ), for
i = 1, 2, 3, there exists a map:
m2 : CF−∞(Σ2,Σ3)⊗ CF−∞(Σ1,Σ2)→ CF−∞(Σ1,Σ3)
which satisfies the Leibniz rule ∂−∞ ◦m2(−,−) +m2(∂−∞,−) +m2(−, ∂−∞) = 0.
Remark 2. In the case Λ−1 = ∅, if Σ2 and Σ3 are small Hamiltonian perturbations of Σ1
such that the pairs (Σ1,Σ2), (Σ2,Σ3) and (Σ1,Σ3) are directed (see Section 4.2), then the
homology of the complexes CF−∞(Σ1,Σ2), CF−∞(Σ2,Σ3) and CF−∞(Σ1,Σ3) is isomorphic to
the singular cohomology H∗(Σ1, ∂+Σ1) and the product m2 corresponds to the cup product via
this identification.
Now, Cthulhu homology is invariant by a certain type of Hamiltonian isotopy which permits
to displace the Lagrangian cobordisms. This implies the acyclicity of the complex. But the
Cthulhu complex is in fact the cone of a map
F1 : CF−∞(Σ1,Σ2)→ LCC
∗
ε
+
1 ,ε
+
2
(Λ+1 ,Λ
+
2 )
from the Floer complex to the linearized Legendrian contact cohomology complex generated by
Reeb chords from Λ+2 to Λ
+
1 . The acyclicity implies that this map is a quasi-isomorphism. When
Σ1 is a Lagrangian filling of Λ
+
1 and ε
+
1 is the augmentation induced by this filling, take Σ2
a small perturbation of Σ1 such that the pair (Σ1,Σ2) is directed, then the quasi-isomorphism
F1 recovers Ekholm-Seidel isomorphism ([Ekh12, DR16b]). We will show that the map induced
by F1 in homology preserves the product structures, that is to say, the product m2 on Floer
complexes is mapped to the product µ2
ε
+
3,2,1
of the augmentation category Aug−(Λ
+
1 ∪Λ
+
2 ∪Λ
+
3 ),
where ε+3,2,1 is the diagonal augmentation on the algebra A(Λ
+
1 ∪ Λ
+
2 ∪ Λ
+
3 ) induced by ε
+
1 , ε
+
2
and ε+3 (see Section 3.2). More precisely, we have:
Theorem 2. Let Σ1,Σ2 and Σ3 be three transverse exact Lagrangian cobordisms from Λ
−
i to Λ
+
i ,
such that the Chekanov-Eliashberg algebras A(Λ−i ) admit augmentations. Then, for any choice
of augmentation ε−i of A(Λ
−
i ) we have:[
µ2
ε
+
3,2,1
(F1,F1) = F1 ◦m2
]
In the same setting as Remark 2, Theorem 2 implies that the Ekholm-Seidel isomorphism is
a ring morphism (see also [EL, Theorem 4]). The product m2 is in fact part of an A∞-structure
defined in Section 6. There, we define maps {md}d≥1 such that the m1 map is the differential
∂−∞. Then we prove the following:
Theorem 3. The maps {md}d≥1 are A∞-maps, they satisfy for all d ≥ 1:∑
1≤j≤d
0≤n≤d−j
md−j+1(id
⊗d−j−n⊗mj ⊗ id
⊗n) = 0
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A direct corollary of this theorem is that the product m2 is associative in homology. Finally,
once we get this A∞-structure, we can associate to a Legendrian submanifold Λ an A∞-category
of Lagrangian cobordisms that we denote Fuk−(Λ). The objects of this category are triples
(Σ,Λ−, ε−) such that Λ− is a Legendrian submanifold, ε− is an augmentation of A(Λ−) and Σ
is an exact Lagrangian cobordism from Λ− to Λ. We show then that the map F1 extends in a
family of maps F = {Fd}d≥0 which is an A∞-functor, and we have:
Theorem 4. There exists an A∞-functor F : Fuk−(Λ) → Aug−(Λ) cohomologically full and
faithful.
Remark that Theorem 1 and Theorem 2 are in fact corollaries of Theorem 3 and Theorem 4
respectively. However in this paper we will present first in details the proofs of Theorem 1 and
2, which is useful to get a better understanding of what happens with higher order maps.
For the study of exact Lagrangian cobordisms between Legendrian submanifolds in the stan-
dard contact manifold (R3, dz − ydx), we can also define a category Fuk+(Λ), using a different
type of perturbation as for the definition of Fuk−(Λ) to get transverse objects. Then, we would
have a functor G : Fuk+(Λ) → Aug+(Λ). The coherent perturbations used in [NRS+] involve
Morse functions on the Legendrian such that the Morse chords of the k-copy are “well-organized”.
This type of perturbation does not have a direct generalization in higher dimension, that is why
it works only in dimension 3 (for now). However, Fuk+(Λ) could also be defined using another
more algebraic approach in the same spirit of Ekholm-Lekili [EL, Section 3], using coefficients in
chains in the based loop space of Λ, and this would work in all dimension.
The paper is organized as follows. In Section 2 we set up the definition and notations of all
types of moduli spaces that are involved in the definition of all maps in the rests of the paper.
In Sections 3 and 4, we review the definitions of Legendrian contact homology and Cthulhu
homology. In Section 5, we construct the product structure on the Floer complexes and prove
Theorem 1 and Theorem 2. Finally, in Section 6 we define the A∞-structure on Floer complexes
and prove Theorem 3 and Theorem 4.
Acknowledgements. This work is part of my PhD thesis which I did at the Université de Nantes
under the supervision of Frédéric Bourgeois and Baptiste Chantraine, who I warmly thank for
their guidance, help and support. I would also like to thank the referees Jean-François Barraud
and Lenny Ng, for many helpful comments and remarks, and Paolo Ghiggini and François Lau-
denbach for helpful discussions. Part of this paper has been written at the CIRGET which I
thank for its hospitality.
2. Moduli spaces
In this section we describe the different types of moduli spaces of pseudo-holomorphic curves
which will be necessary to define the Legendrian contact homology complex, the Cthulhu complex
and the product structure. The first three subsections contain some useful material from [Sei08]
and [CDRGG], in order to define the moduli spaces.
2.1. Deligne space. Let us denote Rd+1 = {(y0, . . . , yd) / yi ∈ S1, yi ∈ (yi−1, yi+1)}/Aut(D2)
the space of (d + 1)-tuples of points cyclically ordered on the boundary of the disk D2, where
y−1 := yd and yd+1 := y0, and denote by Sd+1 the universal curve:
Sd+1 = {(z, y0, . . . , yd) / z ∈ D
2, yi ∈ S
1 et yi ∈ (yi−1, yi+1)}/Aut(D
2)
The projection π : Sd+1 → Rd+1 given by π(z, y0, . . . , yd) = (y0, . . . , yd) is a fibration with fiber
a disk. For all r ∈ Rd+1 we denote Ŝr = π−1(r) and Sr = Ŝr\{y0, . . . , yd}.
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Given r ∈ Rd+1, to each marked point yi of Ŝr, i ≥ 1, one can associate a neighborhood
Vi ⊂ Ŝr and a biholomorphism εi : (−∞, 0)× [0, 1]→ Vi\{yi}. For the puncture y0, we choose a
neighborhood V0 and a biholomorphism ε0 : (0,+∞)× [0, 1]→ V0\{y0}. These biholomorphisms
are called strip-like ends. A universal choice of strip-like ends for Rd+1 corresponds to maps
εd+10 : R
d+1 × (0,+∞)× [0, 1]→ Sd+1
and
εd+1i : R
d+1 × (−∞, 0)× [0, 1]→ Sd+1
for 1 ≤ i ≤ d, such that for all r ∈ Rd+1, εd+1i (r, ·, ·) is a choice of strip-like ends for Sr.
The space Rd+1, for d ≥ 2, admits a compactification which can be described in terms of
trees. In fact, we have R
d+1
= ⊔TRT which is a disjoint union over all stable planar rooted
trees T with d leaves, and with RT = ⊔R|vi| where the union is over all interior vertices (vertices
which are not leaves) vi of T . Here, |vi| denotes the degree of the vertex vi, and recall that a
tree is called stable if each interior vertex has degree at least 3. The space Rd+1 corresponds to
RTd+1 where Td+1 is the planar rooted tree with d leaves and one vertex. Given T and T ′ two
stable planar rooted trees with d leaves, if T ′ can be obtained from T by removing one or several
edges (i.e. contracting an edge until the two corresponding vertices are identified), it gives rise
to a gluing map:
γT,T
′
: RT × (−1, 0]Ed
int(T ) →RT
′
where Edint(T ) is the set of interior edges of T . If e is an edge from the vertices v− to v+ to
remove of T to obtain T ′, this gluing map consists in gluing the two disks Sr
v−
and Sr
v+
along
e with a certain gluing parameter. Let us denote ε− and ε+ the strip-like ends of rv− and rv+
for the marked points connected by e. Given a real le ∈ (0,∞), the gluing operation is given by
the connected sum
Sr
v−
\ε−((−∞, le)× [0, 1])
⋃
Sr
v+
\ε+((le,∞)× [0, 1])/ ∼
where we identify ε−(le − s, t) ∼ ε+(s, t). The map γT,T
′
glues each interior edge of T using the
parameter ρe = −e
−πle ∈ (−1, 0] instead of le. If ρ = 0, the edge is not modified (see [Sei08]).
Now suppose that S ∈ Sd+1 is obtained from Sr1 , Sr2 , . . . Srk by gluing, then S admits a
thin-thick decomposition. The thin part Sthin corresponds to strip-like ends of S and to strips of
length le coming from the identification of strip-like ends in the gluing of two disks Srvi et Srvj
along an edge e. The thick part is then S\Sthin. If r ∈ Rd+1 is in the image of γT,Td+1 , then it
admits two sets of strip-like ends: one coming from the universal choice on Rd+1 and the other
one coming from the universal choice on R|vi| for all vertices vi of T and the gluing operation.
A universal choice of strip-like ends on Rd+1 is said consistent if there exists a neighborhood
U ⊂ R
d+1
of ∂R
d+1
such that the two choices of strip-like ends coincide on U ∩Rd+1.
Theorem 5. [Sei08, Lemma 9.3] Consistent universal choices of strip-like ends exist.
Remark 3. In the cases d = 0, 1, a punctured disk in S1 is biholomorphic to a half-plane and
a punctured disk in S2 is biholomorphic to the strip Z = R × [0, 1] with standard coordinates
(s, t).
2.2. Lagrangian labels. The holomorphic disks we will consider are holomorphic maps from
a disk with some marked points removed to the manifold R× Y , with boundary on Lagrangian
submanifolds of R × Y . The choice of Lagrangian submanifolds associated to disks Sr with
r ∈ Rd+1 is called the Lagrangian label. The boundary of Sr is subdivided into d+1 components,
we denote by ∂iSr for 1 ≤ i ≤ d + 1 the part of the boundary between the marked points yi−1
and yi. The Lagrangian label associates to each component a Lagrangian submanifold as follows.
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Let T be a planar rooted tree with d leaves and {Li}i∈I a finite family of Lagrangian sub-
manifolds of R× Y .
Definition 2. A choice of Lagrangian label for T is a locally constant map L : R2\T → {Li},
i.e. it associates to each connected component of R2\T a Lagrangian submanifold in {Li}i∈I .
For r ∈ Rd+1, the choice of Lagrangian label on Sr is thus determined by the Lagrangian
label for Td+1 by associating to ∂iSr the Lagrangian submanifold associated to the sector of
R2\T containing ∂iSr. If Li is the Lagrangian submanifold associated to ∂iSr, we will denote by
L = (L1, . . . , Ld+1) the Lagrangian label for Sr. A natural compatibility condition for Lagrangian
labels is clearly necessary in order to apply the gluing maps γT,T
′
.
2.3. Almost complex structure. In this subsection we recall the different types of almost
complex structures that will be useful in order to achieve transversality for moduli spaces. Recall
that on a symplectic manifold (X,ω), an almost complex structure is a map J : TX → TX such
that J2 = − id. We say that J is compatible with ω (or ω-compatible) if:
(1) ω(v, Jv) > 0 for all v ∈ TX such that v 6= 0,
(2) ω(Ju, Jv) = ω(u, v) for all x ∈ X and u, v ∈ TxX .
2.3.1. Cylindrical almost complex structure. Let us go back to the case where the symplectic
manifold is the symplectization of a contact manifold (Y, α). An almost complex structure J on
(R× Y, d(etα)) is cylindrical if:
• J is d(etα)-compatible,
• J is invariant under R-action by translation on R× Y ,
• J(∂t) = Rα,
• J preserves the contact structure, i.e. J(ξ) = ξ.
Following notations of [CDRGG], we denote by J cyl(R×Y ) the set of cylindrical almost complex
structures on R× Y .
In our setting, the contact manifold is the contactization of a Liouville manifold, Y = P ×R,
and recall that a Liouville manifold P can be viewed as the completion of a Liouville domain
(P̂ , dβ). An almost complex structure JP on P is admissible if it is cylindrical on P\P̂ outside
of a compact subset K ⊂ P\P̂ . We denote by J adm(P ) the set of admissible almost complex
structures on P . Now, if JP ∈ J adm(P ) and πP : R× (P ×R)→ P is the projection on P , then
there exists a unique cylindrical almost complex structure J˜P on R × (P × R) such that πP is
holomorphic, that is to say dπP ◦ J˜P = JP ◦ dπP . Such an almost complex structure is called
the cylindrical lift of JP and we denote by J cylπ (R × Y ) the set of cylindrical almost complex
structures on R× Y which are cylindrical lifts of admissible almost complex structures on P .
Let J−, J+ ∈ J cyl(R× Y ) such that J− and J+ coincide outside of a cylinder R×K where
K ⊂ Y is compact. For all T > 0 we consider an almost complex structure J on R×Y equals to
J− on (−∞,−T )×Y , J+ on (T,∞)×Y and equals to the cylindrical lift of an admissible complex
structure on P in [−T, T ]× (Y \K). The reason for considering such almost complex structures
is that transversality holds generically for moduli spaces of Legendrian contact homology with
a cylindrical almost complex structure (see Section 3), and that cylindrical lifts of admissible
almost complex structures on P are useful to prevent pseudo-holomorphic curves to escape at
infinity (the projection on P × R must be compact).
We denote by J adm
J−,J+,T
(R × Y ) the set of almost complex structures on R × Y described
above, and J adm(R× Y ) =
⋃
J−,J+,T
J adm
J−,J+,T
(R× Y ).
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2.3.2. Domain dependent almost complex structure. Considering domain dependent almost com-
plex structures is a way to achieve transversality for moduli spaces of pseudo-holomorphic curves.
A domain dependent almost complex structure on R × Y is the data, for each r ∈ Rd+1, of an
almost complex structure parametrized by Sr, that is to say a map in C
∞(Sr,J adm(R × Y )).
Then, we need some special behavior of the almost complex structure in strip-like ends in order
to get some compatibility with the gluing map.
Fix a r ∈ Rd+1, and let L1, . . . , Ld+1 be transverse exact Lagrangian cobordisms in R × Y
such that L = (L1, . . . , Ld+1) is a choice of Lagrangian label for Sr. Let T > 0 such that all the
Li’s are cylindrical out of Li ∩ [−T, T ]× Y , and take J± ∈ J cyl(R× Y ).
For each pair (Li, Li+1), we consider a path J
Li,Li+1
t for t ∈ [0, 1] of almost complex structures
in J adm
J−,J+,T
(R×Y ), such that it is constant near t = 0 and t = 1. The type of domain dependent
almost complex structures we consider are maps
Jr,L : Sr → J
adm
J−,J+,T (R× Y )
such that Jr,L(εi(s, t)) = J
Li,Li+1
t , where εi is a choice of strip-like ends for Sr.
Now, consider a universal choice of strip-like ends. A universal choice of domain dependent
almost complex structures is the data, for all r ∈ Rd+1 and Lagrangian label L = (L1, . . . , Ld+1),
of maps Jr,L as above that fit into a smooth map
Jd,L : S
d+1 → J admJ−,J+,T (R× Y )
defined by Jd,L(z) = Jr,L(z) if z ∈ Sr. Moreover, Jd,L must satisfy Jd,L(ε
d+1
i (r, s, t)) = J
Li,Li+1
t
where εd+1i is part of the universal choice of strip-like ends.
Again, if S ∈ Sd+1 is obtained from Sr1 , Sr2 , . . . Srk by gluing, we need compatibility conditions
between the almost complex structure induced by the universal choice and the one induced by
the gluing map. The two choices of almost complex structures are said consistent if there exists
a neighborhood U ⊂ Rd+1 of ∂R
d+1
such that the choice of strip-like ends is consistent, the
choices of almost complex structures coincide on the thin parts for each r ∈ U , and for every
sequence {rn}n∈N in Rd+1 converging to a point r ∈ ∂R
d+1
, the almost complex structures on
the thick parts must converge to the almost complex structure on the thick part of Sr.
The latter condition on thick part is analogous to the condition on thin parts, the difference is
that we ask for convergence of almost complex structures instead of equality because the almost
complex structure on thick parts is not fixed, whereas it is on thin parts. Indeed, a universal
choice of almost complex structures depends on fixed paths J
Li,Li+1
t for each pair of Lagrangian
submanifolds.
Theorem 6. [Sei08, Lemma 9.5] Consistent choices of almost complex structures exist.
2.4. Moduli spaces of holomorphic curves. We are now ready to define the moduli spaces
we will use in the next sections.
2.4.1. General definition. Let Σ = (Σ1, . . . ,Σd+1) be a choice of Lagrangian label such that
for all 1 ≤ i ≤ d + 1, Σi is an exact Lagrangian cobordism from Λ
−
i to Λ
+
i . We assume that
the cobordisms intersect transversely. We consider then a set A(Σ) of asymptotics consisting
of intersection points in Σi ∩ Σj for all 1 ≤ i 6= j ≤ d + 1, Reeb chords from Λ
+
i to Λ
+
j , and
Reeb chords from Λ−i to Λ
−
j for all 1 ≤ i, j ≤ d + 1. Let J be an almost complex structure on
R× Y (we will explain later the properties needed to achieve transversality in each case), and j
the standard almost complex structure on the disk D2 ⊂ C, which induces an almost complex
structure on each Sr, r ∈ Rd+1. For r ∈ Rd+1 and x0, . . . , xd in A(Σ), we define the moduli
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space MrΣ,J(x0;x1, . . . , xd) as the set of smooth maps:
u : (Sr, j)→ (R× Y, J)
satisfying:
(1) du(z) ◦ j = J(z) ◦ du(z), for all z ∈ Sr\∂Sr,
(2) u(∂iSr) ⊂ Σi,
(3) if x0 is an intersection point then lim
z→yi
u(z) = xi and x0 is required to be a jump from
Σd+1 to Σ1,
(4) if xi, 1 ≤ i ≤ d, is an intersection point then lim
z→yi
u(z) = xi,
(5) if x0 is a Reeb chord with a parametrization γ0 : [0, 1] → x0, then every z ∈ Sr suffi-
ciently close to y0 is in ε0((0,+∞)× [0, 1]) and we have the condition lim
s→+∞
u(ε0(s, t)) =
(+∞, γ0(t)). We say that u has a positive asymptotic to x0 at y0.
(6) if xi for i > 0 is a Reeb chord with parametrization γi : [0, 1]→ xi, then either
• lim
s→−∞
u(εi(s, t)) = (−∞, γ0(t)) and so u has a negative asymptotic to xi at yi, or
• lim
s→−∞
u(εi(s, t)) = (−∞, γ0(1 − t)) and in this case u has a positive asymptotic to
xi at yi.
Then we denote
MΣ,J(x0;x1, . . . , xd) =
⊔
r
(
MrΣ,J(x0;x1, . . . , xd)/Aut(Sr)
)
The moduli space MΣ,J(x0;x1, . . . , xd) can be viewed as the kernel of a section of a Banach
bundle. The linearization of this section at a point u ∈ MΣ,J(x0;x1, . . . , xd) is a Fredholm
operator. Then, the almost complex structure J is called regular if this operator is surjective.
In this case, MΣ,J(x0;x1, . . . , xd) is a smooth manifold whose dimension is the Fredholm index
of the linearized operator. We will denote by MiΣ,J(x0;x1, . . . , xd) the moduli space of pseudo-
holomorphic curves of index i satisfying the conditions (1)-(6) above.
In the following subsections, in order to simplify notations we will not indicate the almost
complex structure we use to define the moduli spaces.
2.4.2. Pseudo-holomorphic curves with boundary on a cylindrical cobordism. The moduli spaces
of pseudo-holomorphic curves with boundary on a trivial cobordism R×Λ for Λ ⊂ Y a Legendrian
submanifold, are useful to define Legendrian contact homology (Section 3.1). We take here a
cylindrical almost complex structure on R×Y . The Lagrangian label takes values in a set of only
one Lagrangian R×Λ and thus the set of asymptotics A(R×Λ) consists only of Reeb chords of
Λ. If γ, γ1, . . . , γd are Reeb chords of Λ, we denote by
MR×Λ(γ; γ1, . . . , γd)
the moduli space of pseudo-holomorphic curves with boundary on R × Λ that have a positive
asymptotic to γ and negative asymptotics to γ1, . . . , γd. There is an action of R by translation
on the moduli spaces MR×Λ(γ; γ1, . . . , γd), and so we denote the quotient by:
M˜R×Λ(γ; γ1, . . . , γd) :=MR×Λ(γ; γ1, . . . , γd)/R
2.4.3. Pseudo-holomorphic curves with boundary on a non cylindrical cobordism. In this sub-
section we describe moduli spaces that are involved in the definition of the algebra morphism
induced by an exact Lagrangian cobordism, from the Chekanov-Eliashberg algebra (Section 3.1)
of the positive end to the Chekanov-Eliashberg algebra of the negative end (see Section 3.3).
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Let Λ− ≺Σ Λ+ be an exact Lagrangian cobordism (which is not a trivial cylinder) between
two Legendrian submanifolds of Y . The set of asymptotics we consider here consists of Reeb
chords of Λ− and Reeb chords of Λ+. If γ+ ∈ R(Λ+) and γ−1 , . . . , γ
−
d ∈ R(Λ
−), we denote by
MΣ(γ
+; γ−1 , . . . , γ
−
d )
the moduli space of pseudo-holomorphic curves with boundary on Σ and which have a positive
asymptotic to γ+ and negative asymptotics to γ−1 , . . . , γ
−
d . Contrary to the previous case, there is
no R-action on the moduli space because the Lagrangian boundary condition is not R-invariant.
2.4.4. Pseudo-holomorphic curves with boundary on several exact Lagrangian cobordisms. Fi-
nally, we consider moduli spaces of pseudo-holomorphic curves with boundary on the Lagrangians
Σ1, . . . ,Σd+1, where Λ
−
i ≺Σi Λ
+
i . The choice of Lagrangian label Σ takes values in {Σ1, . . . ,Σd+1}
and the set of asymptotics consists of Reeb chords from Λ±i to Λ
±
j for 1 ≤ i, j ≤ d + 1, and in-
tersection points in Σi ∩ Σj for 1 ≤ i 6= j ≤ d + 1. To simplify notations, for Lagrangian labels
we will now denote R × Λ±i1,...,ik = (R × Λ
±
i1
, . . . ,R × Λ±ik) and Σi1,...,ik = (Σi1 , . . . ,Σik), for
1 ≤ i1, . . . , ik ≤ d. Moreover this label will indicate only the Lagrangians associated to mixed
asymptotics, i.e. intersection points and chords from a Legendrian to another one.
In the case d = 1, so when we have two cobordisms, the moduli spaces we will consider are those
necessary to define the Cthulhu complex. First, there are moduli spaces of pseudo-holomorphic
curves with boundary on the cylindrical ends of the cobordisms and with one positive Reeb chord
asymptotic. These are moduli spaces of Legendrian contact homology of Λ±1 ∪ Λ
±
2 :
M
R×Λ+1,2
(γ+2,1;β1, ξ
+
2,1,β2) and MR×Λ−1,2
(γ−2,1; δ1, ζ
−
2,1, δ2)
for γ+2,1, ξ
+
2,1 ∈ R(Λ
+
2 ,Λ
+
1 ), γ
−
2,1, ζ
−
2,1 ∈ R(Λ
−
2 ,Λ
−
1 ), and βi (resp. δi) a word of Reeb chords of
Λ+i (resp. Λ
−
i ) for i = 1, 2. We will also consider moduli spaces of curves with boundary on the
negative cylindrical ends of the cobordisms and with two positive Reeb chord asymptotics:
M
R×Λ−1,2
(γ−2,1; δ1, γ
−
1,2, δ2)
with γ−2,1 ∈ R(Λ
−
2 ,Λ
−
1 ) and γ
−
1,2 ∈ R(Λ
−
1 ,Λ
−
2 ). Such pseudo-holomorphic curves are called
bananas. Finally, we consider moduli spaces of curves with boundary on the compact parts of
the cobordisms:
MΣ1,2(γ
+
2,1; δ1, q, δ2), MΣ1,2(γ
+
2,1; δ1, ζ
−
2,1, δ2),
MΣ1,2(x
+; δ1, q, δ2), MΣ1,2(x
+; δ1, ζ
−
2,1, δ2)
with x+, q ∈ Σ1 ∩Σ2 such that x+ is a jump from Σ2 to Σ1 and q is a jump from Σ1 to Σ2.
Let us consider now the case d = 2, we have three transverse exact Lagrangian cobordisms
Σ1,Σ2 and Σ3. The moduli spaces we describe here are involved in the definition of the product
structure (Subsection 5.1) and in the definition of the order-2 map F2 of the A∞-functor of
Theorem 5.3. Again, first, we have moduli spaces of pseudo-holomorphic curves with boundary
on the cylindrical ends of the cobordisms:
M
R×Λ−1,2,3
(γ3,1; δ1, c1, δ2, c2, δ3)
where if we denote γi,j a chord in R(Λ
−
i ,Λ
−
j ), we have c1 ∈ {γ1,2, γ2,1} and c2 ∈ {γ2,3, γ3,2},
and again δi is a word of Reeb chords of Λ
−
i , for i = 1, 2, 3, which are negative Reeb chords
asymptotics. Remark that, except for the case c1 = γ2,1 and c2 = γ3,2, such moduli spaces are
moduli spaces of curves with two or three positive Reeb chords asymptotics. Then, we consider
also moduli spaces of curves with boundary on non cylindrical parts:
MΣ1,2,3 (x
+; δ1, a1, δ2, a2, δ3)
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with x+ ∈ Σ1 ∩ Σ3 jump from Σ3 to Σ1, a1 ∈ {x1, γ2,1} and a2 ∈ {x2, γ3,2}, with x1 ∈ Σ1 ∩ Σ2
jump from Σ1 to Σ2, and x2 ∈ Σ2 ∩Σ3 jump from Σ2 to Σ3. The curves in these moduli spaces
have a positive asymptotic to x+ and negative asymptotics to the other punctures. We also
consider moduli spaces of curves with a different Lagrangian label:
MΣ3,1,2(x2; δ3, γ1,3, δ1, x1, δ2)
MΣ3,1,2(x2; δ3, γ1,3, δ1, γ2,1, δ2)
MΣ2,3,1(x1; δ2, γ3,2, δ3, γ1,3, δ1)
The reason for changing the Lagrangian label is mainly conventional. Indeed, we have moduli
spaces of curves such that x2, which is a jump from Σ2 to Σ3 is a positive asymptotic, so the
Lagrangian label has to be changed to satisfy the property (3) of the general definition of moduli
spaces (Section 2.4.1). Finally, moduli spaces involved in the definition of F2 are of the following
type:
MΣ1,2,3(γ
+
1,3; δ1, a1, δ2, a2, δ3)
where a1 ∈ {x1, γ2,1} and a2 ∈ {x2, γ3,2} as before, and γ
+
3,1 ∈ R(Λ
+
3 ,Λ
+
1 ).
2.5. Action and energy. Consider d+1 transverse exact Lagrangian cobordisms (Σ1, . . . ,Σd+1).
Recall that by definition, associated to each cobordism there is a function fi : Σi → R, primitive
of the form etα|Σi , and this function is constant on the cylindrical ends of Σi. Without loss of
generality, we can consider that the constants in the negative ends of the cobordisms are zero,
and we denote ci the constant for the positive end of Σi. We also denote T > 0 and ǫ > 0 such
that the cobordisms Σi are all cylindrical out of Σi ∩ ([−T + ǫ, T − ǫ]× Y ). To each asymptotic,
we can associate a quantity called action as follows. For an intersection point x ∈ Σi ∩ Σj with
i > j, the action of x is given by:
a(x) = fi(x) − fj(x)
For a Reeb chord γ, the length of γ is given by ℓ(γ) :=
∫
γ
α and then the action of γ+i,j ∈
R(Λ+i ,Λ
+
j ) is defined by:
a(γ+i,j) = e
T ℓ(γ+i,j) + ci − cj
and for a Reeb chord γ−i,j ∈ R(Λ
−
i ,Λ
−
j ) we set:
a(γ−i,j) = e
−T ℓ(γ−i,j)
Remark that Reeb chords have always a positive action whereas intersection points can be of
negative action. Then, to a pseudo-holomorphic curve u in MΣ(x0;x1, . . . , xd) is associated an
energy, which is the analogue of the area for the case of pseudo-holomorphic curves in compact
symplectic manifolds. To define it, let χ : R→ R be a function such that:


χ(t) = et if t ∈ [−T + ǫ, T − ǫ]
lim
t→+∞
χ(t) = eT
lim
t→−∞
χ(t) = e−T
χ′(t) > 0
We define then the d(χα)-energy of a pseudo-holomorphic curve u : Sr → R× Y by:
Ed(χα)(u) =
∫
Sr
u∗d(χα)
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We have the following very standard result:
Lemme 1. Ed(χα)(u) ≥ 0
Proof. The d(etα)-compatibility of the almost complex structure J implies the dα|ξ-compatibility
of the restriction of J to the contact structure (ξ, (dα)|ξ). This permits to show that Ed(χα)(u) =
1
2
∫
Sr
|du|2, where |v|2 = d(χα)(v, Jv) is strictly positive if v 6= 0. 
Now, the energy of a pseudo-holomorphic curve can be expressed by the actions of its asymp-
totics.
Proposition 1. We have the following:
(1) if u ∈MR×Λ(γ+; γ1, . . . , γd), then Ed(χα)(u) = a(γ
+)−
∑
i a(γi),
(2) if u ∈MΣ(γ
+; γ1, . . . , γd), then Ed(χα)(u) = a(γ
+)−
∑
i a(γi),
(3) if u ∈M
R×Λ−1,2
(γ−2,1; δ1, γ
−
1,2, δ2), then Ed(χα)(u) = a(γ
−
2,1) + a(γ
−
1,2)− a(δ1)− a(δ2),
(4) if u ∈MΣ1,2(a; δ1, b, δ2),
Ed(χα)(u) = a(a)− a(b)− a(δ1)− a(δ2)
for a ∈ {γ+2,1, x
+} and b ∈ {q, ζ−2,1},
(5) if u ∈M
R×Λ−1,2,3
(γ3,1; δ1, γ1,2, δ2, γ2,3, δ3),
Ed(χα)(u) = a(γ3,1) + a(γ1,2) + a(γ2,3)−
∑
i
a(δi),
(6) if u ∈M
R×Λ−1,2,3
(γ3,1; δ1, γ2,1, δ2, γ2,3, δ3),
Ed(χα)(u) = a(γ3,1)− a(γ2,1) + a(γ2,3)−
∑
i
a(δi),
(7) if u ∈M
R×Λ−1,2,3
(γ3,1; δ1, γ1,2, δ2, γ3,2, δ3),
Ed(χα)(u) = a(γ3,1) + a(γ1,2)− a(γ3,2)−
∑
i
a(δi),
(8) if u ∈M
R×Λ−1,2,3
(γ3,1; δ1, γ2,1, δ2, γ3,2, δ3),
Ed(χα)(u) = a(γ3,1)− a(γ2,1)− a(γ3,2)−
∑
i
a(δi),
(9) if u ∈MΣ1,2,3(x
+; δ1, a1, δ2, a2, δ3), then
Ed(χα)(u) = a(x
+)− a(a1)− a(a2)−
∑
a(δi),
for a1 ∈ {x1, γ2,1} and a2 ∈ {x2, γ3,2},
(10) if u ∈MΣ3,1,2(x2; δ3, γ1,3, δ1, a1, δ2), then
Ed(χα)(u) = −a(x2)− a(γ1,3)− a(a1)−
∑
a(δi),
for a1 ∈ {x1, γ2,1},
(11) if u ∈MΣ2,3,1(x1; δ2, γ3,2, δ3, γ1,3, δ1),
Ed(χα)(u) = −a(x1)− a(γ3,2)− a(γ1,3)−
∑
i
a(δi).
Lemma 1 and Proposition 1 give thus some constraints on the action of asymptotics of pseudo-
holomorphic curves. These will be useful in order to cancel some pseudo-holomorphic configura-
tions in Section 5.
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2.6. Compactness. When transversality holds, i.e. when the almost complex structure is reg-
ular for moduli spaces, these are smooth manifolds which are not necessarily compact. However,
they admit a compactification in the sense of Gromov ([Gro85]), by adding broken curves called
pseudo-holomorphic buildings. Compactness results together with transversality results imply
that the compactification of a moduli space is a compact manifold whose boundary components
are in bijection with pseudo-holomorphic buildings arising as degeneration of pseudo-holomorphic
curves in the moduli space.
Given again d + 1 transverse exact Lagrangian cobordisms Λ−i ≺Σi Λ
+
i , we consider the
following Lagrangian labels Σ = (Σ1, . . . ,Σd+1) and R× Λ
± = (R×Λ±1 , . . . ,R×Λ
±
d+1). We first
recall the definition of pseudo-holomorphic buildings whose components are disks with cylindrical
Lagrangian boundary conditions.
Definition 3. A pseudo-holomorphic building of height k in R×Y with boundary on R× Λ± is
given by a finite number of pairs B = {(vi, ρi), i ∈ I}, such that each pair (v, ρ) ∈ B consists of
a pseudo-holomorphic disk v asymptotic to Reeb chords and an integer 1 ≤ ρ ≤ k corresponding
to the floor. Moreover, the following conditions must be satisfied:
(1) each floor contains at least one disk which is not a trivial strip,
(2) for each pair (v, ρ) with 1 < ρ < k, there exist disks v+1 , . . . , v
+
s in the floor ρ + 1 and
v−1 , . . . , v
−
r in the floor ρ− 1 such that:
• each positive asymptotic of v is a negative asymptotic of a disk v+j ,
• each negative asymptotic of v is a positive asymptotic of a disk v+j
but the disks v+j and v
−
j can also have other asymptotics that those coming from v,
(3) for each pair (v, k), the negative asymptotics of v are positive asymptotics of some disks
in the floor k − 1,
(4) for each pair (v, 1) the positive asymptotics of v are negative asymptotics of some disks
in the floor 2,
(5) there is a map v : S → R × Y defined on some S ∈ Sd+1 that is obtained from the
domains (Si)i∈I of the disks (vi)i∈I in B by the gluing operation (see Section 2.1) with
the conditions that Si can be glued to Sj at a puncture y if:
• the floors associated to vi and vj differ by 1,
• vi has a negative asymptotic to a chord γ at y, and vj has a positive asymptotic to
γ at y,
Remark 4. In the definition above, the glued map v has positive asymptotics to the positive
asymptotics of the disks (vi, k) ∈ B and negative asymptotics to the negative asymptotics of the
disks (vj , 1) ∈ B.
We give now a definition of pseudo-holomorphic building whose components are pseudo-
holomorphic disks with boundary on Lagrangian cobordisms with cylindrical ends (see [BEH+03]
and [Abb14]).
Definition 4. A pseudo-holomorphic building of height k−|1|k+ in R× Y with boundary on Σ
is given by a set of pseudo-holomorphic disks divided in three levels as follows:
• the top level contains a pseudo-holomorphic building of height k+ with boundary on
R× Λ+,
• the bottom level contains a pseudo-holomorphic building of height k− with boundary on
R× Λ−,
• the central level is an intermediate floor containing pseudo-holomorphic disks ui with
boundary on Σ and with asymptotics in A(Σ),
so that if we denote vt (resp. vb) the glued map corresponding to the top (resp. bottom) level,
the following conditions are satisfied:
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(1) each negative Reeb chord asymptotic of vt is a positive Reeb chord asymptotic of a disk
in the central level, and reciprocally each positive Reeb chord asymptotic of a disk in the
central level is identified with a negative Reeb chord asymptotic of vt.
(2) each positive Reeb chord asymptotic of vb is a negative Reeb chord asymptotic for a disk
in the central level, and the converse is true.
(3) there is a map u : S → R×Y defined on some S ∈ Sd+1 that is obtained from the domains
of vt, of vb, and of the disks in the central level, by the gluing operation. Then u has
possibly asymptotics to some intersection points, and then it has positive Reeb chords
asymptotics to the positive asymptotics of vt and negative Reeb chords asymptotics to
the negative asymptotics of vb (see Figure 1).
Figure 1. Example of a pseudo-holomorphic building of height 1|1|2.
Given a set of asymptotics (x0, x1, . . . , xd), denote by M
k−|1|k+
Σ (x0;x1, . . . , xd) the set of
pseudo-holomorphic buildings of height k−|1|k+ with boundary on Σ such that the corresponding
glued map is asymptotic to (x0, x1, . . . , xd). Moduli spaces of disks with boundary on R× Λ
±
described in Subsection 2.4 can be viewed as pseudo-holomorphic buildings of height 1 with
boundary on R× Λ±, and moduli spaces of pseudo-holomorphic disks with boundary on non-
cylindrical Lagrangian cobordisms can be viewed as pseudo-holomorphic buildings of height 0|1|0
with boundary on Σ, in other words we have
MΣ(x0;x1, . . . , xd) ⊂M
0|1|0
Σ (x0;x1, . . . , xd)
By Gromov’s compactness, a sequence of pseudo-holomorphic disks us inM(x0;x1, . . . , xd) ad-
mits a subsequence which converges to a pseudo-holomorphic building with boundary on R× Λ±
(resp. Σ) if the curves us have boundary on R× Λ
± (resp. Σ). The pseudo-holomorphic buildings
obtained this way are of two types:
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(1) Stable breaking: pseudo-holomorphic building such that each component is a curve having
at least three mixed asymptotics. For example, a pseudo-holomorphic building in a
product
M(x0;x1, ..., xi−1, x
′
i, xi+j , ..., xd)×M(x
′
i;xi, ..., xi+j−1)
with 1 ≤ i ≤ d− 1 and j ≥ 2.
(2) Unstable breaking: pseudo-holomorphic building having at least a curve with at most two
mixed asymptotics. Such a curve is either a pseudo-holomorphic half-plane (so without
mixed asymptotic), or a pseudo-holomorphic strip.
The important result is that the set of buildings asymptotic to x0, x1, . . . , xd gives a compactifi-
cation of the moduli space MΣ(x0;x1, . . . , xd), i.e. the disjoint union⊔
k−,k+≥0
M
k−|1|k+
Σ (x0;x1, . . . , xd)
is compact.
3. Legendrian contact homology
Legendrian contact homology is a Legendrian isotopy invariant which has been defined by
Chekanov [Che02] and Eliashberg [Eli98] independently. Eliashberg gave a definition of Legen-
drian contact homology in the setting of Symplectic Field Theory (SFT, see [EGH00]), while
Chekanov defined it combinatorially, by a count of certain types of convex polygons with bound-
ary on the Lagrangian projection of the Legendrian. Then, Ekholm, Etnyre and Sullivan in
[EES05a, EES07] generalized the definition of Chekanov for Legendrian submanifolds in R2n+1
and P × R, by counting pseudo-holomorphic disks with boundary on the Lagrangian projec-
tion. In fact, it has been proven by Etnyre, Ng and Sabloff [ENS02] in dimension 3 and then
by Dimitrolgou-Rizell [DR16b] in every dimension that the SFT-version of Legendrian contact
homology computes the same invariant as the combinatorial version of Chekanov and its general-
ization in higher dimension. With this in mind, we recall below the SFT-definition of Legendrian
contact homology, which is more in the spirit of this article.
3.1. The differential graded algebra. Given a Legendrian submanifold Λ ⊂ P×R, we denote
by C(Λ) the Z2-vector space generated by Reeb chords of Λ, and A(Λ) =
⊕
i C(Λ)
⊗i the tensor
algebra of C(Λ), called the Chekanov-Eliashberg algebra of Λ. There is a grading associated to
Reeb chords and defined from the Conley-Zehnder index by the following: if Λ is connected and
c ∈ R(Λ) then we set |c| := νγc(c) − 1, where γc is a capping path for c. This is a well-defined
grading in Z modulo the Maslov number of Λ (because of the choice of the capping path) and
twice the first Chern class of TP (because of the choice of a symplectic trivialization of TP along
ΠP (γc) to compute νγc(c)), see [EES07] for more details. This induces a grading for each word
of Reeb chords in A(Λ) by |b1b2 . . . bm| =
∑
i |bi| for Reeb chords bi. If Λ is not connected and
c is a mixed chord with ends c+ ∈ Λ+ and c− ∈ Λ−, where Λ± are connected components of Λ,
in order to define the grading we choose some points p± ∈ Λ± and some paths γ+c ⊂ Λ
+ and
γ−c ⊂ Λ
− from c+ to p+ from p− to c− respectively. Then we choose a path γ+− from p
+ to p−
and so if we denote Γc = γ
+
c ∪ γ+− ∪ γ
−
c the concatenation of the three paths, the degree of c is
defined to be |c| = νΓc(c) − 1. The grading of mixed chords depend on the paths γ+− but for
two mixed chords c1, c2 from Λ
− to Λ+, the difference |c1| − |c2| does not depend on γ+−.
Let J be a cylindrical almost complex structure on R × Y . The differential on A(Λ) is a
map ∂ : A(Λ) → A(Λ) which is defined by a count of pseudo-holomorphic disks in R × Y with
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boundary on R× Λ and asymptotic to Reeb chords. More precisely, if a ∈ R(Λ):
∂(a) =
∑
m≥0
∑
b=b1···bm
|b|=|a|−1
#M˜R×Λ(a; b) · b(1)
where a is a positive asymptotic and the chords bi are negative Reeb chord asymptotics. When
m = 0 we set b = 1. This induces a map on the whole algebra by Leibniz rule.
About transversality results, Dimitroglou-Rizell proved in [DR16a] that generically, a cylin-
drical almost complex structure on R× Y is regular for the moduli spaces MR×Λ(a; b1, . . . , bm)
which are thus manifolds of dimension
dimMR×Λ(a; b1, . . . , bm) = |a| −
∑
|bi|
and so
dimM˜R×Λ(a; b1, . . . , bm) = |a| −
∑
|bi| − 1
This is done by generalizing a result of Dragnev ([Dra04]) to the case of pseudo-holomorphic
disks, using the fact that as pseudo-holomorphic curves in the moduli spaces above have only
one positive Reeb chord asymptotic, it is always possible to find an injective point. These
dimension formula imply that in the definition of the differential (1), this is a mod-2 count
of pseudo-holomorphic disks in 0-dimensional moduli spaces. Then, by Gromov’s compactness
these 0-dimensional moduli spaces are compact and thus the differential ∂ is a well-defined map
of degree −1. Transversality also holds for almost complex structures that are cylindrical lifts
of regular compatible almost complex structures on P (satisfying a technical condition near the
intersection points of ΠP (Λ), see [DR16a, EES07]).
Theorem 7. [Che02, EES05a, EES07, DR16b]
• ∂2 = 0,
• The Legendrian contact homology LCH∗(Λ, J) does not depend on a generic choice of
cylindrical almost complex structure J and is a Legendrian isotopy invariant.
Legendrian contact homology being generally of infinite dimension, we recall in the next section
the linearization process introduced by Chekanov, in order to extract finite dimensional (and so
more computable) invariants from Legendrian contact homology.
3.2. Linearization and the augmentation category. We begin this section by recalling the
fundamental tool for the linearization: augmentations.
Definition 5. An augmentation for (A(Λ), ∂) is a DGA-map ε : A(Λ)→ Z2 where Z2 is viewed
as a DGA with vanishing differential. In other words, ε is a map satisfying:
• ε(a) = 0 if |a| 6= 0,
• ε(ab) = ε(a)ε(b),
• ε ◦ ∂ = 0.
A Legendrian submanifold does not necessarily admit an augmentation. Typically, once there
is an element of the algebra a ∈ A(Λ) such that ∂a = 1, the third condition in the definition
above cannot be satisfied and hence there is no augmentation. For example, loose Legendrians
(see [Mur]) do not admit augmentation. In this paper, we will only focus on Legendrians whose
Chekanov-Eliashberg algebra can be augmented. So let us consider a Legendrian submanifold
Λ ⊂ R× Y such that A(Λ) admits an augmentation, then it is possible to associate to Λ a new
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complex (C(Λ), ∂ε1), with ∂
ε
1 defined on Reeb chords by:
∂ε1(a) =
∑
m≥0
∑
b=b1···bm
|b|=|a|−1
m∑
i=1
#M˜R×Λ(a; b) · ε(b1) . . . ε(bi−1)ε(bi+1) . . . ε(bm) · bi
In fact, conjugating the differential ∂ by the DGA-morphism gε defined on chords by gε(c) =
c+ε(c) gives a new differential ∂ε on A(Λ), the differential ∂ twisted by ε, such that the restriction
on C(Λ) can be decomposed as ∂ε|C(Λ) =
∑
i≥0 ∂
ε
i , with ∂
ε
i : C(Λ)→ C(Λ)
⊗i. But the differential
∂ε|C(Λ) does not admit any constant term (i.e. ∂
ε
0 = 0) due to the properties of ε, and so
(∂ε|C(Λ))
2 = 0 implies that (∂ε1)
2 = 0. The homology of the complex (C(Λ), ∂ε1) is by definition
the Legendrian contact homology of Λ linearized by ε.
Theorem 8. [Che02] The set {LCHε∗(Λ), ε} of linearized Legendrian contact homologies is a
Legendrian isotopy invariant.
This linearization process can be done using two augmentations instead of one (see [BC14]),
leading to the bilinearized Legendrian contact homology LCHε1,ε2∗ (Λ), which is the homology of
the complex (C(Λ), ∂ε1,ε21 ) with
∂ε1,ε21 (a) =
∑
m≥0
∑
b=b1···bm
|b|=|a|−1
m∑
i=1
#M˜R×Λ(a; b) · ε1(b1) . . . ε1(bi−1)ε2(bi+1) . . . ε2(bm) · bi
The advantage of the bilinearized version in comparison to the linearized one is that it retains
some information about the non-commutativity of the Chekanov-Eliashberg DGA. More gener-
ally, given d+ 1 augmentations ε1, . . . , εd+1 of A(Λ), there is a map
∂
ε1,...,εd+1
d : C(Λ)→ C(Λ)
⊗d
such that ∂
ε1,...,εd+1
d (a) is a sum of words of length d coming from words in ∂a to which we keep
d letters and augment the others by ε1, . . . , εd+1 in this order (changing the augmentation each
time we jump a chord we keep). In all the rest of the article, we will adopt a cohomology point
of view, so let us describe the dual maps of the maps ∂
ε1,...,εd+1
d . As the vector space C(Λ) and
its dual are canonically isomorphic, by an abuse of notation we will still denote C(Λ) the dual
vector space. So the dual of ∂
ε1,...,εd+1
d , denoted µ
d
εd+1,...,ε1
, is defined by:
µdεd+1,...,ε1(bd, . . . , b1) =
∑
a∈R(Λ)
∑
δ1,...,δd+1∑
|bi|+
∑
|δi|=|a|−1
#M˜R×Λ(a; δ1, b1, δ2, . . . , δd, bd, δd+1)ε1(δ1) . . .
. . . εd+1(δd+1) · a
where δi are words of Reeb chords of Λ. In fact, as already explained above for the dual map,
the coefficient 〈µdεd+1,...,ε1(bd, . . . , b1), a〉 is computed by looking at all words of length at least d
in ∂(a) containing the letters b1, . . . , bd in this order, and augmenting the (possibly) remaining
chords between bi and bi+1 by εi+1, for all 1 ≤ i ≤ d. These maps {µdεd+1,...,ε1}d≥1 satisfy the
A∞-relations, i.e. for all d ≥ 1 and Reeb chords bd, . . . , b1 we have∑
1≤j≤d
0≤n≤d−j
µd−j+1εd+1,...,εn+j+1,εn+1,...,ε1(bd, . . . , µ
j
εn+j+1,...,εn+1
(bn+j , . . . , bn+1), bn, . . . , b1) = 0(2)
and thus the maps {µdεd+1,...,ε1}d≥1 are A∞-composition maps of an A∞-category called the
augmentation category of Λ, denoted Aug−(Λ). This category has been defined by Bourgeois
and Chantraine in [BC14] as follows:
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• Ob(Aug−(Λ)) : ε augmentation of A(Λ),
• hom(ε1, ε2) = (C(Λ), µ
1
ε2,ε1
) the bilinearized Legendrian contact cohomology complex,
• the A∞-composition maps are the maps µdεd+1,...,ε1 defined above.
If we look at the full subcategory generated by one object ε, then we get the A∞-algebra
(C(Λ), {µdε}d≥1) that appeared first in a work of Civan, Etnyre, Koprowski, Sivek and Walker
[CKE+11].
In fact, the A∞-maps of the augmentation category can be viewed as dual maps of components
of the differential of the (d + 1)-copy of Λ twisted by a particular augmentation. This is a way
to show that the A∞-relations are satisfied, using a bijection between some moduli spaces with
boundary on Λ and some moduli spaces with boundary on the k-copy of Λ (see [EES09, Theorem
3.6]). For k ≥ 1, the k-copy of Λ denoted Λ(k) is defined as follows. Set Λ1 := Λ, and for a small
ǫ > 0 we define Λ˜j := ϕ
R
(j−1)ǫ(Λ) for 2 ≤ j ≤ k, where ϕ
R
t is the Reeb flow (recall Rα = ∂z here).
The Legendrian submanifold Λ1∪ Λ˜2∪· · ·∪ Λ˜k has an infinite number of Reeb chords, so we have
to perturb it to turn it into a chord generic Legendrian. Take Morse functions fj : Λ → R, for
2 ≤ j ≤ k, such that the functions fi−fj are Morse. Then, identify a small tubular neighborhood
of Λ˜j to a neighborhood of the 0-section in J
1(Λ), and replace Λ˜j by the 1-jet of fj which is
by definition the submanifold j1(fj) = {(q, dqfj , fj(q))/ q ∈ Λ} ⊂ J1(Λ). We denote this new
Legendrian Λj ⊂ P × R. The k-copy of Λ is defined to be the union Λ1 ∪ Λ2 ∪ · · · ∪ Λk. It is a
chord generic Legendrian which has four different types of Reeb chords:
(1) pure chords: chords of Λj , for all 2 ≤ j ≤ k, and there is a bijection between R(Λ) and
R(Λj),
(2) Morse chords : mixed chords corresponding to critical points of the functions fi − fj,
(3) small chords : mixed chords (which are not Morse) from Λi to Λj for i > j, in bijection
with chords of Λ,
(4) long chords : mixed chords (which are not Morse) from Λj to Λi for i > j also in bijection
with chords of Λ.
Let us denote C(Λi,Λj) the Z2-vector space generated by Reeb chords from Λj to Λi which are
not Morse. Denote by CM (Λi,Λj) the Z2-vector space generated by Morse chords from Λj to
Λi, and observe that it is non-zero only if j < i. Hence we have the following decomposition:
C(Λ(k)) =
⊕
1≤i≤k
C(Λi)
⊕
1≤j<i≤k
CM (Λi,Λj)
⊕
1≤j<i≤k
(C(Λj ,Λi)⊕ C(Λi,Λj))
For a chord a ∈ R(Λ), denote by ai,j the corresponding Reeb chord in R(Λi,Λj). Let
(ε1, . . . , εk) be augmentations of A(Λ) and consider the DGA-morphism ε(k) : A(Λ(k)) → Z2
defined on Reeb chords by:
ε(k)(ai,i) = εi(a)
ε(k)(ai,j) = 0 for i 6= j
ε(k)(cM ) = 0 for cM Morse chord
It is shown in [BC14] that ε(k) is an augmentation of (A(Λ(k), ∂(k)), that we call diagonal augmen-
tation induced by ε1, . . . , εk. Now, given such an augmentation, we can compute the Legendrian
contact homology of Λ(k) with the twisted differential ∂
ε(k) . Restricted to C(Λ1,Λk), this is the
map
∂
ε(k)
|C(Λ1,Λk)
: C(Λ1,Λk)→
⊕
d≥1
1≤i2,...,id≤k
C(Λid ,Λk)⊗ C(Λid−1 ,Λid)⊗ · · · ⊗ C(Λ1,Λi2)
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The dual of each component of this map is then µdεk,εid ,...,εi2 ,ε1
. Then, dualizing the relation(
∂
ε(k)
|C(Λ1,Λk)
)2
= 0
gives all the A∞-relations for d ≤ k − 1, i.e. the A∞-relations for each sequence of objects
(ε1, εi2 , . . . , εid , εk). For example, the two first are:(
µ1εk,ε1
)2
= 0
µ1εk,ε1 ◦ µ
2
εk,εi,ε1
+ µ2εk,εi,ε1
(
µ1εk,εi ⊗ id
)
+ µ2εk,εi,ε1
(
id⊗µ1εi,ε1
)
= 0, for all 1 ≤ i ≤ k.
3.3. Morphism induced by a cobordism. Given an exact Lagrangian cobordism Λ− ≺Σ Λ+,
there exists a DGA-map φΣ : A(Λ+)→ A(Λ−) defined on Reeb chords by
φΣ(γ
+) =
∑
γ
−
1 ,...,γ
−
m
#M0Σ(γ
+; γ−1 , . . . , γ
−
m) · γ
−
1 · · · γ
−
m
where γ+ ∈ R(Λ+) and γ−1 , . . . , γ
−
m ∈ R(Λ
−) (see [EHK16]). When Σ is an exact Lagrangian
filling of Λ+ (Λ− = ∅), then the DGA-map φΣ : A(Λ+) → Z2 is an augmentation of A(Λ+). In
this case, the corresponding linearized Legendrian contact cohomology of Λ is determined by the
topology of the filling by the Ekholm-Seidel isomorphism:
Theorem 9 ([Ekh12, DR16b]). If Λ ⊂ Y is a n-dimensional closed Legendrian submanifold
which admits a Lagrangian filling Σ, then H∗(Σ) ≃ LCHn−∗ε (Λ), where ε is the augmentation of
A(Λ) induced by Σ.
This theorem gives a very powerful obstruction to the existence of Lagrangian fillings. For
example, once the Legendrian contact cohomology of a Legendrian Λ has a generator of degree
strictly less than 0 or strictly higher than n, it means that Λ is not fillable by an exact Lagrangian.
More generally, given an augmentation ε− of A(Λ−), its pullback by φΣ is an augmentation of
A(Λ+) that we denote ε+ := ε− ◦ φΣ. This is the order-0 map of a family of maps defining an
A∞-functor ΦΣ : Aug(Λ−)→ Aug(Λ+) as follows (see [BC14]):
• on the objects of the category, ΦΣ(ε−) = ε− ◦ φΣ,
• for each (d+ 1)-tuple (ε−1 , . . . , ε
−
d+1) of augmentations of A(Λ
−), there is a map
Φ
ε
−
d+1,...,ε
−
1
Σ : hom(ε
−
d , ε
−
d+1)⊗ · · · ⊗ hom(ε
−
1 , ε
−
2 )→ hom(ε
+
1 , ε
+
d+1)
defined by
Φ
ε
−
d+1,...,ε
−
1
Σ (γ
−
d , . . . , γ
−
1 ) =
∑
γ+∈R(Λ+)
δ
−
1 ,...,δ
−
d+1
#M0Σ(γ
+; δ−1 , γ
−
1 , δ
−
2 , . . . , γ
−
d , δ
−
d+1) · ε
−
1 (δ
−
1 )
. . . ε−d+1(δ
−
d+1) · γ
+
The induced functor on cohomology level gives a map on bilinearized Legendrian contact coho-
mology:
Φ
ε
−
2 ,ε
−
1
Σ : LCH
∗
ε
−
1 ,ε
−
2
(Λ−)→ LCH∗
ε
+
1 ,ε
+
2
(Λ+)
which was shown to be an isomorphism if Σ is a concordance, in [CDRGG15].
In the case of the augmentation category Aug+(Λ) (defined in [NRS+]), an exact Lagrangian
cobordism from Λ− to Λ+ also induces a functor F : Aug+(Λ−)→ Aug+(Λ+). In particular, this
functor was shown to be injective on equivalence classes of augmentations and cohomologically
faithful by Yu Pan [Pan17].
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4. Floer theory for Lagrangian cobordisms
4.1. The Cthulhu complex. In this section we recall the definition of the Cthulhu complex,
a Floer-type complex for Lagrangian cobordisms, defined by Chantraine, Dimitroglou-Rizell,
Ghiggini and Golovko in [CDRGG]. Let Λ−1 ≺Σ1 Λ
+
1 and Λ
−
2 ≺Σ2 Λ
+
2 be two transverse exact
Lagrangian cobordisms in R × Y with Λ−1 ,Λ
+
1 ,Λ
−
2 ,Λ
+
2 Legendrian submanifolds in Y . We as-
sume that the Chekanov-Eliashberg algebras A(Λ−1 ) and A(Λ
−
2 ) admit augmentations ε
−
1 and ε
−
2
respectively, which induce augmentations ε+1 and ε
+
2 of A(Λ
+
1 ) and A(Λ
+
2 ) as we saw previously.
Cthulhu homology is the homology of a graded complex associated to the pair (Σ1,Σ2), denoted
(Cth(Σ1,Σ2), dε−1 ,ε
−
2
), generated by intersection points in Σ1 ∩ Σ2, Reeb chords from Λ
+
2 to Λ
+
1
and Reeb chords from Λ−2 to Λ
−
1 , with shifts in grading:
Cth(Σ1,Σ2) = C(Λ
+
1 ,Λ
+
2 )[2]⊕ CF (Σ1,Σ2)⊕ C(Λ
−
1 ,Λ
−
2 )[1]
where CF (Σ1,Σ2) denotes the Z2-vector space generated by intersection points in Σ1∩Σ2. This
is a graded complex. For the grading to be in Z, we assume that 2c1(P ) as well as the Maslov
classes of Σ1 and Σ2 vanish (which implies that the Maslov classes of Λ
±
1 and Λ
±
2 also vanish).
The grading for Reeb chords is the same as the Legendrian contact homology grading (Section
3.1). For an intersection point p ∈ Σ1 ∩ Σ2 the grading is defined to be the Maslov index of a
path of graded Lagrangians from (TpΣ1)
# to (TpΣ2)
# in Gr#(Tp(R×Y ), d(etα)p), the universal
cover of the Grassmaniann of Lagrangian subspaces of (Tp(R× Y ), d(etα)p), see [Sei08, Section
11.j] and [CDRGG]. The differential on Cth(Σ1,Σ2) is a matrix
dε−1 ,ε
−
2
=

d++ d+0 d+−0 d00 d0−
0 d−0 d−−


where each component is defined by a count of rigid pseudo-holomorphic disks with boundary
on Σ1 and Σ2 and asymptotic to intersection points and Reeb chords from Λ
±
2 to Λ
±
1 as follows:
(1) for ξ+2,1 ∈ R(Λ
+
2 ,Λ
+
1 ):
d++(ξ
+
2,1) =
∑
γ
+
2,1
∑
β1,β2
#M˜1
R×Λ+1,2
(γ+2,1;β1, ξ
+
2,1,β2)ε
+
1 (β1)ε
+
2 (β2) · γ
+
2,1
where the sum is for γ+2,1 ∈ R(Λ
+
2 ,Λ
+
1 ) and βi words of Reeb chords of Λ
+
i , for i = 1, 2.
The map d++ is the restriction to C(Λ
+
1 ,Λ
+
2 ) of the bilinearized differential µ
1
ε
+
2 ,ε
+
1
of the
Legendrian contact cohomology of Λ+1 ∪ Λ
+
2 .
(2) for ξ−2,1 ∈ R(Λ
−
2 ,Λ
−
1 ):
d+−(ξ
−
2,1) =
∑
γ+2,1
∑
δ1,δ2
#M0Σ1,2(γ
+
2,1; δ1, ξ
−
2,1, δ2)ε
−
1 (δ1)ε
−
2 (δ2) · γ
+
2,1
d0−(ξ
−
2,1) =
∑
x+∈Σ1∩Σ2
∑
δ1,δ2
#M0Σ1,2(x
+; δ1, ξ
−
2,1, δ2)ε
−
1 (δ1)ε
−
2 (δ2) · x
+
d−−(ξ
−
2,1) =
∑
γ
−
2,1
∑
δ1,δ2
#M˜1
R×Λ−1,2
(γ−2,1; δ1, ξ
−
2,1, δ2)ε
−
1 (δ1)ε
−
2 (δ2) · γ
−
2,1
and as for d++, the map d−− is the restriction of µ
1
ε
−
2 ,ε
−
1
to C(Λ−1 ,Λ
−
2 ).
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(3) for q ∈ Σ1 ∩ Σ2 which is a jump from Σ1 to Σ2:
d+0(q) =
∑
γ
+
2,1
∑
δ1,δ2
#M0Σ1,2(γ
+
2,1; δ1, q, δ2)ε
−
1 (δ1)ε
−
2 (δ2) · γ
+
2,1
d00(q) =
∑
x+
∑
δ1,δ2
#M0Σ1,2(x
+; δ1, q, δ2)ε
−
1 (δ1)ε
−
2 (δ2) · x
+
d−0(q) = b ◦ δ
Σ2,1
−0 (q)
=
∑
γ
−
1,2,γ
−
2,1
∑
δ1,δ2
#
(
M0Σ2,1(q; δ
′
2, γ
−
1,2, δ
′′
1 )× M˜
1
R×Λ−1,2
(γ2,1; δ
′
1, γ
−
1,2, δ
′′
2)
)
· ε−1 (δ
′
1δ
′′
1 )ε
−
2 (δ
′
2δ
′′
2 ) · γ
−
2,1
where
• the last sum is for δi, δ
′
i, δ
′′
i words of Reeb chords of Λi such that δi = δ
′
iδ
′′
i ,
• δ
Σ2,1
−0 is the dual of d
Σ2,1
0− : C(Λ
−
2 ,Λ
−
1 )→ CF (Σ2,Σ1) with Lagrangian label (Σ2,Σ1),
• b : C(Λ−2 ,Λ
−
1 )→ C(Λ
−
1 ,Λ
−
2 ) is the map defined by the count of bananas:
b(γ1,2) =
∑
γ
−
2,1
∑
δ1,δ2
#M˜1
R×Λ−1,2
(γ2,1; δ1, γ
−
1,2, δ2) · ε
−
1 (δ1)ε
−
2 (δ2) · γ
−
2,1
See Figure 2 for examples of pseudo-holomorphic disks which contribute to the components of
dε−1 ,ε
−
2
, except for d++ whose contributing disks are of the same type of those contributing to
d−−, but with boundary on R× (Λ
+
1 ∪ Λ
+
2 ).
Figure 2. From left to right: schematic picture of pseudo-holomorphic disks
contributing to d+−(ξ
−
2,1), d0−(ξ
−
2,1), d−−(ξ
−
2,1), d+0(q), d00(q) and d−0(q).
Remark 5. The other components of the differential vanish for energy reasons.
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When transversality holds, it is again possible to express the dimension of the moduli spaces
above by the degree of the asymptotics. In particular, from [CDRGG, Theorem 4.5] we have:
dimM˜
R×Λ+1,2
(γ+2,1;β1, ξ
+
2,1,β2) = |γ
+
2,1|+ |ξ
+
2,1| − |β1| − |β2| − 1
dimM˜
R×Λ−1,2
(γ−2,1; δ1, ζ
−
2,1, δ2) = |γ
−
2,1| − |ζ
−
2,1| − |δ1| − |δ2| − 1
dimM˜
R×Λ−1,2
(γ−2,1; δ1, γ
−
1,2, δ2) = |γ
−
2,1|+ |γ
−
1,2| − |δ1| − |δ2|+ 1− n
dimMΣ1,2(γ
+
2,1; δ1, q, δ2) = |γ
+
2,1| − |q| − |δ1| − |δ2|+ 1
dimMΣ1,2(γ
+
2,1; δ1, ζ
−
2,1, δ2) = |γ
+
2,1| − |ζ
−
2,1| − |δ1| − |δ2|
dimMΣ1,2(x
+; δ1, q, δ2) = |x
+| − |q| − |δ1| − |δ2| − 1
dimMΣ1,2(x
+; δ1, ζ
−
2,1, δ2) = |x
+| − |ζ−2,1| − |δ1| − |δ2| − 2
This gives that the map dε−1 ,ε
−
2
is of degree 1. Without the shifts in grading, we obtain that d+0
is of degree −1, d+− and d−0 are of degree 0, d++, d00 and d−− are degree 1 maps and d0− is of
degree 2.
The necessary transversality results in order to make the above moduli spaces transversely
cut out are given in [CDRGG]. Briefly, as we already saw in the previous section, for Legendrian
contact homology-type moduli spaces, cylindrical almost complex structures on R×Y are gener-
ically regular. This is also the case for moduli spaces of bananas, since that even if the curves in
those spaces have two positive Reeb chords asymptotics, these Reeb chords are distinct, and so
the curve is always somewhere injective.
Now, if J± are regular for Legendrian contact homology type moduli spaces and banana
moduli spaces, then moduli spaces MΣ(γ+; γ
−
1 , . . . , γ
−
d ) are transversely cut out for a generic
almost complex structure in J adm
J−,J+,T
(R×Y ), using results of [MS12, Chapter 3]. The regularity
assumption on J± permits in particular to achieve transversality for pseudo-holomorphic curves
coming from the gluing of a curve in MΣ(γ+; γ
−
1 , . . . , γ
−
d ) and a curve in MR×Λ±(γ; γ1, . . . , γd).
Finally, moduli spaces of the typesMΣ1,2(x
+; δ1, q, δ2) andMΣ1,2(γ
+
2,1; δ1, γ
−
2,1, δ2) are trans-
versely cut out for a generic domain dependent almost complex structure
J : [0, 1]→ J admJ−,J+,T (R× Y )
generalizing results of [AD10]. The domain dependence here is just a time-dependence because
the domain of a curve is biholomorphic to a strip R× [0, 1] with marked points on the boundary
(asymptotic to pure Reeb chords), and we want invariance of the almost complex structure by
translation of the R-coordinate.
Theorem 10. [CDRGG] Given Σ1,Σ2 ⊂ R× Y exact Lagrangian cobordisms as above,
(1) d2
ε
−
1 ,ε
−
2
= 0, and
(2) The complex (Cth(Σ1,Σ2), dε−1 ,ε
−
2
) is acyclic.
The first point of this theorem is proven by studying breakings of pseudo-holomorphic curves
of index 1 with boundary on Σ1 ∪ Σ2, or of index 2 with boundary on R × Λ
−
1 ∪ R × Λ
−
2 , and
two mixed asymptotics. In Section 5.2, we will use the same ideas to prove Theorem 1. The
second point of the theorem comes from the fact that it is possible to displace the cobordisms in
R× Y such that Σ1 and Σ2 no longer have intersection points and such that there are no more
Reeb chords from Λ±2 to Λ
±
1 . Briefly, this is done by first wrapping the ends of one of the two
cobordisms by a Hamiltonian isotopy in such a way that the complex we get has only intersection
points generators (no more Reeb chords) and is canonically isomorphic to the original Cthulhu
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complex. Then, the invariance of the Cthulhu complex by a compactly supported Hamiltonian
isotopy permits to separate the two cobordisms so that there are no more generators, which
implies that the complex vanishes, as well as its homology.
Let us denote ∂−∞ =
(
d00 d0−
d−0 d−−
)
the submatrix of dε−1 ,ε
−
2
, then
0 = (dε−1 ,ε
−
2
)2 =

 d2++ ∗+0 ∗+−0
0
∂2−∞

(3)
where ∗+0 = d++d+0+d+0d00+d+−d−0 et ∗+− = d++d+−+d+0d0−+d+−d−−. So in particular,
(C(Λ+1 ,Λ
+
2 ), d++) is a subcomplex of the Cthulhu complex and(
CF−∞(Σ1,Σ2) := CF (Σ1,Σ2)⊕ C(Λ
−
1 ,Λ
−
2 )[1], ∂−∞
)
is a quotient complex. Relation (3) implies also that d+0 + d+− : CF−∞(Σ1,Σ2) → C(Λ
+
1 ,Λ
+
2 )
is a chain map, i.e. the Cthulhu complex is the cone of d+0 + d+−. This map is in fact a
quasi-isomorphism due to the acyclicity of the Cthulhu complex.
4.2. Hamiltonian perturbations. Given a cobordism Λ− ≺Σ Λ+ in (R × P × R, d(etα)), we
consider a special type of Hamiltonian isotopies by which we deform Σ, in order to extract some
properties of the Cthulhu complex. More precisely, we use a Hamiltonian H : R×P×R→ R that
depends only on the real coordinate in the symplectization, which means that H(t, p, z) = h(t),
where h : R → R is a smooth function. The associated Hamiltonian flow is by definition the
flow of the Hamiltonian vector field XH defined by ιXHd(e
tα) = −dH . We can compute that
XH(t, p, z) = e
−th′(t)∂z and so the flow ΦH is given by:
ΦsH : R× P × R→ R× P × R
ΦsH(t, p, z) = (t, p, z + se
−th′(t))
Now, since Σ is an exact Lagrangian cobordism, ΦsH(Σ) is also an exact Lagrangian cobordism.
Indeed, if fΣ : Σ→ R is the primitive of etα restricted to Σ, then we have:
etα|Φs
H
(Σ) = (Φ
s
H)
∗(et(dz + β))
= et(d(z + se−th′(t)) + β)|Σ
= et(dz + se−t(h′′ − h′)dt+ β)|Σ
= etα|Σ + s(h
′′ − h′)dt|Σ
So, a primitive of etα|Φs
H
(Σ) is given by
fΦs
H
(Σ)(t, p, z) = fΣ(t, p, z) + s(h
′ − h)(t)(4)
In particular, when the function h is for example the function hD below, the primitive fΦs
H
(Σ)
given by (4) vanishes on the negative end of ΦsH(Σ). This type of Hamiltonian isotopy is useful
to wrap the cylindrical ends of the cobordisms, and the way to wrap depends on the choice of
the function h : R→ R to define the Hamiltonian. Let us describe here one type of perturbation
(see [CDRGG] for other perturbations). Given T > 0, we define a function hD : R→ R by:
hD(t) = e
t for t ≤ −T − 1
hD(t) = A for t ∈ [−T, T ]
hD(t) = e
t −B for t ≥ T + 1
h′D(t) ≥ 0 for t ∈ [−T − 1,−T ]∪ [T, T + 1]
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where A and B are positive constants. Then we denote HD the corresponding Hamiltonian
on R×P ×R. Now we look how this Hamiltonian wraps the cylindrical ends of a cobordism. Let
Σ1 be an exact Lagrangian cobordism and consider its image by the flow at time ǫ, Φ
ǫ
HD
(Σ1),
for a small ǫ > 0. In [−T, T ]× Y , the two cobordisms Σ1 and ΦǫHD (Σ1) are not at all transverse
because they coincide, so we perturb ΦǫHD (Σ1) by a small Hamiltonian isotopy with compact
support and denote this new cobordism Σ2. The Hamiltonian isotopy used here has compact
support in [−T − η, T + η] × Y with 0 < η ≪ 1, and for t in the intervals [−T − η,−T + η]
and [T − η, T + η], it is proportional to the Reeb flow. If the perturbation is small enough, then
intersection points of Σ1 and Σ2 are all contained in [−T, T ]×Y and by formula (4), the functions
associated to Σ1 and Σ2 satisfy, for all t ∈ [−T, T ], fΣ2 = fΣ1 − Aǫ. Thus, every intersection
point in CF (Σ1,Σ2) has negative action, we say then that the pair (Σ1,Σ2) is directed. Such a
pair of cobordisms satisfy some properties listed in the following proposition:
Proposition 2. [CDRGG] Let (Σ1,Σ2) be a directed pair of Lagrangian cobordisms such that
Σ2 is a small perturbation of Φ
ǫ
HD
(Σ1) as above by a Morse function f on Σ1. Let T > 0 be
such that Σi\([−T, T ]×Y ∩Σi) are cylindrical, and consider a domain dependent almost complex
structure Jt in J admJ−,J+,T (R×Y ) such that J
± are in J cylπ (R×Y ). Assume moreover that A(Λ
−
1 )
admits augmentations ε−1 , ε
−
2 which induce augmentations ε
+
1 and ε
+
2 of A(Λ
+
1 ), then:
(1) there are canonical isomorphisms of the Chekanov-Eliashberg algebras (A(Λ−1 ), ∂
−
1 ) ≃
(A(Λ−2 ), ∂
−
2 ) and (A(Λ
+
1 ), ∂
+
1 ) ≃ (A(Λ
+
2 ), ∂
+
2 ), and so in particular ε
±
1 and ε
±
2 are aug-
mentations of A(Λ±2 ) under this identification,
(2) LCH∗
ε
−
1 ,ε
−
2
(Λ−1 ,Λ
−
2 ) ≃ LCH
∗
ε
−
1 ,ε
−
2
(Λ−1 ),
(3) LCH∗
ε
+
1 ,ε
+
2
(Λ+1 ,Λ
+
2 ) ≃ LCH
∗
ε
+
1 ,ε
+
2
(Λ+1 ),
(4) if Jt is regular and induced by a Riemanniann metric g such that (f, g) is a Morse-
Smale pair in a neighborhood of Σ1, then HF∗(Σ1,Σ2) ≃ Hn+1−∗(Σ1, ∂−Σ1;Z2) ≃
H∗(Σ1, ∂+Σ1;Z2).
5. Product structure
5.1. Definition of the product. Let Λ−i ≺Σi Λ
+
i , i = 1, 2, 3, be three transverse exact La-
grangian cobordisms, and T > 0 such that Σi\([−T, T ] × Y ∩ Σi) are cylindrical. Recall that
the moduli spaces which are useful to define the product are of different types. First, we need
moduli spaces of pseudo-holomorphic curves with boundary on the negative cylindrical ends of
the cobordisms and with two or three mixed asymptotics:
MR×Λi,j (γj,i; δi, γi,j , δi), i, j ∈ {1, 2, 3}
M
R×Λ−1,2,3
(γ3,1; δ1, γ1,2, δ2, γ2,3, δ3)
M
R×Λ−1,2,3
(γ3,1; δ1, γ2,1, δ2, γ2,3, δ3)
M
R×Λ−1,2,3
(γ3,1; δ1, γ1,2, δ2, γ3,2, δ3)
M
R×Λ−1,2,3
(γ3,1; δ1, γ2,1, δ2, γ3,2, δ3)
Remark that the first one is a moduli space of bananas which already appeared in the definition
of the Cthulhu differential.
Then we also need moduli spaces of pseudo-holomorphic curves with boundary in the non-
cylindrical parts of the cobordisms, and again with two or three mixed asymptotics:
MΣ1,2(x
+; δ1, γ2,1, δ2)
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for x+ ∈ Σ1 ∩ Σ2, and
MΣ1,2,3(x
+; δ1, x1, δ2, x2, δ3)
MΣ1,2,3(x
+; δ1, x1, δ2, γ3,2, δ3)
MΣ1,2,3(x
+; δ1, γ2,1, δ2, x2, δ3)
MΣ1,2,3(x
+; δ1, γ2,1, δ2, γ3,2, δ3)
for x+ ∈ Σ1 ∩ Σ3, and also
MΣ3,1,2(x2; δ3, γ1,3, δ1, x1, δ2)
MΣ3,1,2(x2; δ3, γ1,3, δ1, γ2,1, δ2)
MΣ2,3,1(x1; δ2, γ3,2, δ3, γ1,3, δ1)
We achieve transversality for these moduli spaces using domain dependent almost complex
structures. First, remark that moduli spaces of curves with boundary on the negative cylindrical
ends above are transversely cut out for a generic almost complex structure in J cyl(R × Y ).
Indeed, even if some curves have several positive asymptotics, these are all distinct so it is
always possible to find an injective point (same argument as for Legendrian contact homology
type moduli spaces).
Now, consider J± ∈ J cyl(R× Y ) regular almost complex structures for the moduli spaces of
curves with boundary on the positive and negative cylindrical ends respectively, with two or three
mixed Reeb chords asymptotics and negative pure Reeb chords asymptotics (in fact, we do not
need here regularity of J+ but in any case it will be useful in Section 5.3). We know that Cthulhu
moduli spaces of curves with boundary on non-cylindrical parts of the cobordisms are transversely
cut out for a generic time-dependent almost complex structure Jt : [0, 1]→ J admJ−,J+,T (R×Y ). So,
let us denote by J
Σi,Σj
t , for i, j ∈ {1, 2, 3}, a regular time-dependent almost complex structure for
Cthulhu moduli spaces associated to the pair of cobordisms (Σi,Σj), with the convention that
JΣi,Σit is a constant path. Then, given a consistent universal choice of strip-like ends, we use
Seidel’s result [Sei08, Section (9k)] to deduce that a universal domain dependent almost complex
structure J2,Σ : S3 → J admJ−,J+,T (R × Y ) can be perturb to a regular one for the moduli spaces
above with boundary on non cylindrical parts and three mixed asymptotics.
This means that we can find a regular domain dependent almost complex structure with
values in J adm
J−,J+,T
(R × Y ) such that all the moduli spaces we have encountered until now are
simultaneously smooth manifolds.
Remark 6. In all the section, as before, we define maps by a count of rigid pseudo-holomorphic
curves. This count will always be modulo 2.
Let us assume that the Chekanov-Eliashberg algebras A(Λ−i ), i = 1, 2, 3, admit augmentations
ε−i . We want to define a map:
m2 : CF
∗
−∞(Σ2,Σ3)⊗ CF
∗
−∞(Σ1,Σ2)→ CF
∗
−∞(Σ1,Σ3)
linear in each variable. This map decomposes as m2 = m
0 + m−, where m0 takes values in
CF ∗(Σ1,Σ3) and m
− takes values in C∗(Λ−1 ,Λ
−
3 ). In order to do this, we define these maps on
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pairs of generators, which means that we must define the eight following components:
m000 : CF
∗(Σ2,Σ3)⊗ CF
∗(Σ1,Σ2)→ CF
∗(Σ1,Σ3)
m−00 : CF
∗(Σ2,Σ3)⊗ CF
∗(Σ1,Σ2)→ C
∗(Λ−1 ,Λ
−
3 )
m00− : CF
∗(Σ2,Σ3)⊗ C
∗(Λ−1 ,Λ
−
2 )→ CF
∗(Σ1,Σ3)
m−0− : CF
∗(Σ2,Σ3)⊗ C
∗(Λ−1 ,Λ
−
2 )→ C
∗(Λ−1 ,Λ
−
3 )
m0−0 : C
∗(Λ−2 ,Λ
−
3 )⊗ CF
∗(Σ1,Σ2)→ CF
∗(Σ1,Σ3)
m−−0 : C
∗(Λ−2 ,Λ
−
3 )⊗ CF
∗(Σ1,Σ2)→ C
∗(Λ−1 ,Λ
−
3 )
m0−− : C
∗(Λ−2 ,Λ
−
3 )⊗ C
∗(Λ−1 ,Λ
−
2 )→ CF
∗(Σ1,Σ3)
m−−− : C
∗(Λ−2 ,Λ
−
3 )⊗ C
∗(Λ−1 ,Λ
−
2 )→ C
∗(Λ−1 ,Λ
−
3 )
Let us begin by m0. We set:
m000(x2, x1) =
∑
x+,δi
#M0Σ123 (x
+; δ1, x1, δ2, x2, δ3)ε
−
1 (δ1)ε
−
2 (δ2)ε
−
3 (δ3) · x
+
m00−(x2, γ1) =
∑
x+,δi
#M0Σ123(x
+; δ1, γ1, δ2, x2, δ3)ε
−
1 (δ1)ε
−
2 (δ2)ε
−
3 (δ3) · x
+
m0−0(γ2, x1) =
∑
x+,δi
#M0Σ123(x
+; δ1, x1, δ2, γ2, δ3)ε
−
1 (δ1)ε
−
2 (δ2)ε
−
3 (δ3) · x
+
m0−−(γ2, γ1) =
∑
x+,δi
#M0Σ123(x
+; δ1, γ1, δ2, γ2, δ3)ε
−
1 (δ1)ε
−
2 (δ2)ε
−
3 (δ3) · x
+
where the sums are for x+ ∈ Σ1∩Σ3 and for each i ∈ {1, 2, 3}, δi is a word of Reeb chords of Λ
−
i .
Then, to define m− we first introduce intermediate maps. We recall that there is a canonical
identification of complexes CFn+1−∗(Σb,Σa) = CF
∗(Σa,Σb) and we denote C∗(Λ
−
a ,Λ
−
b ) the dual
of C∗(Λ−a ,Λ
−
b ). We consider a map:
f (2) : CF−∞(Σ2,Σ3)⊗ CF−∞(Σ1,Σ2)→ Cn−1−∗(Λ
−
3 ,Λ
−
1 )
defined on each pair of generators by:
f (2)(x2, x1) =
∑
γ1,3,δi
#M0Σ312(x2; δ3, γ1,3, δ1, x1, δ2)ε
−
1 (δ1)ε
−
2 (δ2)ε
−
3 (δ3) · γ1,3
f (2)(x2, γ1) =
∑
γ1,3,δi
#M0Σ312(x2; δ3, γ1,3, δ1, γ1, δ2)ε
−
1 (δ1)ε
−
2 (δ2)ε
−
3 (δ3) · γ1,3
f (2)(γ2, x1) =
∑
γ1,3,δi
#M0Σ231(x1; δ2, γ2, δ3, γ1,3, δ1)ε
−
1 (δ1)ε
−
2 (δ2)ε
−
3 (δ3) · γ1,3
f (2)(γ2, γ1) = 0
where x2 ∈ CF (Σ2,Σ3), x1 ∈ CF (Σ1,Σ2), γ2 ∈ R(Λ
−
3 ,Λ
−
2 ) et γ1 ∈ R(Λ
−
2 ,Λ
−
1 ). This map is the
analogue of the map
δΣ21−0 : CFn+1−∗(Σ2,Σ1) = CF
∗(Σ1,Σ2)→ Cn−1−∗(Λ
−
2 ,Λ
−
1 )
with three mixed asymptotics instead of two, where δΣ21−0 is the dual of d
Σ21
0− : C
∗−2(Λ−2 ,Λ
−
1 ) →
CF ∗(Σ2,Σ1) (see Section 4.1). The Lagrangian label being given by the asymptotics, we will now
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denote by f (1) the maps δΣ21−0 and δ
Σ32
−0 , which we extend to the whole complex CF−∞(Σi,Σj)
by setting f (1)(γj,i) = γj,i for a mixed Reeb chord.
Then we generalize the banana map b with a map b(2) defined by a count of pseudo-holomorphic
disks with three mixed asymptotics. Let us denote C(Λ−i ,Λ
−
j ) = C
∗(Λi,Λj)⊕ Cn−1−∗(Λ
−
j ,Λ
−
i ),
we define:
b(2) : C(Λ−2 ,Λ
−
3 )⊗ C(Λ
−
1 ,Λ
−
2 )→ C
∗(Λ−1 ,Λ
−
3 )
by
b(2)(γ2,3, γ1,2) =
∑
γ3,1,δi
#M˜1
R×Λ−123
(γ3,1; δ1, γ1,2, δ2, γ2,3, δ3)ε
−
1 (δ1)ε
−
2 (δ2)ε
−
3 (δ3) · γ3,1
b(2)(γ2,3, γ2,1) =
∑
γ3,1,δi
#M˜1
R×Λ−123
(γ3,1; δ1, γ2,1, δ2, γ2,3, δ3)ε
−
1 (δ1)ε
−
2 (δ2)ε
−
3 (δ3) · γ3,1
b(2)(γ3,2, γ1,2) =
∑
γ3,1,δi
#M˜1
R×Λ−123
(γ3,1; δ1, γ1,2, δ2, γ3,2, δ3)ε
−
1 (δ1)ε
−
2 (δ2)ε
−
3 (δ3) · γ3,1
b(2)(γ3,2, γ2,1) =
∑
γ3,1,δi
#M˜1
R×Λ−123
(γ3,1; δ1, γ2,1, δ2, γ3,2, δ3)ε
−
1 (δ1)ε
−
2 (δ2)ε
−
3 (δ3) · γ3,1
with γi,j ∈ R(Λ
−
i ,Λ
−
j ) and words of Reeb chords δi of Λ
−
i . Figure 3 shows examples of curves
counted by b(2).
Remark 7. The map b(2) restricted to C∗(Λ−2 ,Λ
−
3 ) ⊗ C
∗(Λ−1 ,Λ
−
2 ) corresponds to the product
µ2
ε
−
3,2,1
in the augmentation category Aug−(Λ
−
1 ∪Λ
−
2 ∪Λ
−
3 ) restricted to this sub-complex, where
ε−3,2,1 is the diagonal augmentation of A(Λ
−
1 ∪ Λ
−
2 ∪Λ
−
3 ) built from ε
−
1 , ε
−
2 and ε
−
3 (Section 3.2).
Figure 3. Curves contributing to b(γ1,2), b
(2)(γ2,3, γ1,2), b
(2)(γ3,2, γ1,2) and b
(2)(γ3,2, γ2,1).
Now we define the map m− by the following formula. For a pair (a2, a1) ∈ CF∞(Σ2,Σ3) ⊗
CF−∞(Σ1,Σ2), we set:
m−(a2, a1) = b ◦ f
(2)(a2, a1) + b
(2)(f (1)(a2), f
(1)(a1))
More precisely, for each pair of asymptotics, we have:
m−00(x2, x1) = b ◦ f
(2)(x2, x1) + b
(2)(f (1)(x2), f
(1)(x1))
m−0−(x2, γ1) = b ◦ f
(2)(x2, γ1) + b
(2)(f (1)(x2), γ1)
m−−0(γ2, x1) = b ◦ f
(2)(γ2, x1) + b
(2)(γ2, f
(1)(x1))
m−−−(γ2, γ1) = b
(2)(γ2, γ1)
Contrary to the definition of m0, when at least one input is an intersection point we need to
count broken curves instead of just one type of pseudo-holomorphic disk, in order to associate a
positive Reeb chord in C∗(Λ−1 ,Λ
−
3 ) to the two inputs. These broken curves have two levels, one
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Figure 4. Left: an unfinished pseudo-holomorphic building; right: set of curves
which don’t define an unfinished pseudo-holomorphic building.
Figure 5. Left: curve contributing to m000(x2, x1); right: curves contributing to m
−
00(x2, x1).
level contains curves with boundary on the non cylindrical parts of the cobordisms, and the other
level contains a curve with boundary on the negative cylindrical ends of the cobordisms. These
configurations look like pseudo-holomorphic buildings but they are not because their components
cannot be glued, so in particular, these are rigid configurations.
Definition 6. An unfinished pseudo-holomorphic building is a set of pseudo-holomorphic curves
coming from a pseudo-holomorphic building such that:
(1) it is not a pseudo-holomorphic building (the components cannot be glued),
(2) this is necessary to add at least one non-trivial pseudo-holomorphic disk to get a pseudo-
holomorphic building.
Thus, unfinished buildings can be viewed as buildings where we have removed some non-
trivial components in such a way that this is not a building anymore. On the left of Figure 4 we
drew an example of an unfinished pseudo-holomorphic building, whereas on the right the curves
do not define an unfinished building. Indeed, by adding a trivial strip R × γ in the negative
cylindrical ends, we get a pseudo-holomorphic building. Thus the map m− counts unfinished
pseudo-holomorphic buildings. On Figures 5, 6, 7 and 8 are schematized the different types of
curves and unfinished buildings that contribute to m2.
Remark 8. By [CDRGG, Theorem 4.5] for curves with boundary on three transverse exact
Lagrangian cobordisms instead of two, we can express the dimension of the moduli spaces involved
in the definition of m2 by the degree of the asymptotics. Then it is not hard to check that m2 is
a degree 0 map, with the shift in grading for Reeb chords (see Section 4).
5.2. Proof of Theorem 1. In this section, we prove that m2 satisfies the Leibniz rule:
m2(−, ∂−∞) +m2(∂−∞,−) + ∂−∞ ◦m2(−,−) = 0
In order to do this, we show that the above relation is satisfied for each pair of generators in
CF−∞(Σ2,Σ3) ⊗ CF−∞(Σ1,Σ2). For example, for (x2, x1) ∈ CF (Σ2,Σ3) ⊗ CF (Σ1,Σ2), this
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Figure 6. Left: curve contributing to m00−(x2, γ1); right: curves contributing to m
−
0−(x2, γ1)
Figure 7. Left: curve contributing to m0−0(γ2, x1); right: curves contributing to m
−
−0(γ2, x1)
Figure 8. Left: curve contributing to m0−−(γ2, γ1); right: curve contributing to m
−
−−(γ2, γ1).
gives:
m2
(
x2, ∂−∞(x1)
)
+m2
(
∂−∞(x2), x1
)
+ ∂−∞ ◦m2(x2, x1) = 0
⇔ m2
(
x2, (d00 + d−0)(x1)
)
+ m2
(
(d00 + d−0)(x2), x1
)
+ (d00 + d−0) ◦m
0(x2, x1) + (d0− + d−−) ◦m
−(x2, x1) = 0
⇔
(
m0
(
x2, (d00 + d−0)(x1)
)
+m0
(
(d00 + d−0)(x2), x1
)
+ d00 ◦m
0(x2, x1) + d0− ◦m
−(x2, x1)
)
+
(
m−
(
x2, (d00 + d−0)(x1)
)
+m−
(
(d00 + d−0)(x2), x1
)
+ d−0 ◦m
0(x2, x1) + d−− ◦m
−(x2, x1)
)
= 0
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and in the last equality the two terms into big brackets must vanish because the first one is an
element in CF (Σ1,Σ3) and the second one is an element in C(Λ
−
1 ,Λ
−
3 ). Thus, considering each
pair of generators we obtain in total eight relations to prove which are the following.
1. For a pair (x2, x1) ∈ CF (Σ2,Σ3)⊗ CF (Σ1,Σ2):
• m000(x2, d00(x1)) +m
0
00(d00(x2), x1) + d00 ◦m
0
00(x2, x1)(5)
+m00−(x2, d−0(x1)) +m
0
−0(d−0(x2), x1) + d0− ◦m
−
00(x2, x1) = 0
• m−00(x2, d00(x1)) +m
−
00(d00(x2), x1) +m
−
0−(x2, d−0(x1))(6)
+m−−0(d−0(x2), x1) + d−0 ◦m
0
00(x2, x1) + d−− ◦m
−
00(x2, x1) = 0
2. For a pair (x2, γ1) ∈ CF (Σ2,Σ3)⊗ C(Λ
−
1 Λ
−
2 ):
• m000(x2, d0−(γ1)) +m
0
0−(d00(x2), γ1) + d00 ◦m
0
0−(x2, γ1)(7)
+m00−(x2, d−−(γ1)) +m
0
−−(d−0(x2), γ1) + d0− ◦m
−
0−(x2, γ1) = 0
• m−00(x2, d0−(γ1)) +m
−
0−(d00(x2), γ1) +m
−
0−(x2, d−−(γ1))(8)
+m−−−(d−0(x2), γ1) + d−0 ◦m
0
0−(x2, γ1) + d−− ◦m
−
0−(x2, γ1) = 0
3. For a pair (γ2, x1) ∈ C(Λ
−
2 ,Λ
−
3 )⊗ CF (Σ1,Σ2):
• m0−0(γ2, d00(x1)) +m
0
00(d0−(γ2), x1) + d00 ◦m
0
−0(γ2, x1)(9)
+m0−−(γ2, d−0(x1)) +m
0
−0(d−−(γ2), x1) + d0− ◦m
−
−0(γ2, x1) = 0
• m−−0(γ2, d00(x1)) +m
−
00(d0−(γ2), x1) +m
−
−−(γ2, d−0(x1))(10)
+m−−0(d−−(γ2), x1) + d−0 ◦m
0
−0(γ2, x1) + d−− ◦m
−
−0(γ2, x1) = 0
4. For a pair (γ2, γ1) ∈ C(Λ
−
2 ,Λ
−
3 )⊗ C(Λ
−
1 ,Λ
−
2 ):
• m0−0(γ2, d0−(γ1)) +m
0
0−(d0−(γ2), γ1) + d00 ◦m
0
−−(γ2, γ1)(11)
+m0−−(γ2, d−−(γ1)) +m
0
−−(d−−(γ2), γ1) + d0− ◦m
−
−−(γ2, γ1) = 0
• m−−−(γ2, d−−(γ1)) +m
−
−−(d−−(γ2), γ1) + d−− ◦m
−
−−(γ2, γ1) = 0(12)
To obtain these relations, we study the different types of pseudo-holomorphic buildings in-
volved in the definition of each term appearing in the relations. Each curve in these buildings
are rigid because the Cthulhu differential and the map m2 are defined by a count of rigid con-
figurations. This means that the curves are of index 0 if their boundary is on non-cylindrical
Lagrangians, and of index 1 if their boundary is on the negative cylindrical ends of the cobor-
disms. Compactness and gluing results imply that these broken curves are in bijection with
elements in the boundary of the compactification of some moduli spaces. We recall below some
properties that must be satisfied by the pseudo-holomorphic buildings we will consider here:
(1) each curve in a pseudo-holomorphic building must have positive energy, so for example
each component with only Reeb chords asymptotics must have at least one positive
Reeb chord asymptotic. For curves with also intersection points asymptotics, as the
action is independent of the label, it is possible to have curves with only negative action
asymptotics, but in any case the energy must be positive (see Section 2.5 and Subsection
5.2.4 below),
(2) each curve has a non negative Fredholm index because of the regularity of the almost
complex structure,
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(3) the following relation on indices must be satisfied: if u1, . . . , uk are curves forming a
pseudo-holomorphic building, the glued solution u has index given by ind(u) = ν +∑
i ind(ui), where ν is the number of intersection points on which the gluing operation
has been performed.
0
0
Figure 9. Pseudo-holomorphic building contributing to m000(x2, d00(x1)).
5.2.1. Relation (5). The first term appearing in this relation is m000(x2, d00(x1)). For every
intersection point x+ ∈ Σ1 ∩ Σ3, the coefficient 〈m000(x2, d00(x1)), x
+〉 is defined by a count
of pseudo-holomorphic buildings whose components are two index 0 curves with boundary on
Σ1 ∪ Σ2 ∪ Σ3, which have a common asymptotic at an intersection point q ∈ CF (Σ1,Σ2). One
curve contributes to 〈d00(x1), q〉 and the other contributes to 〈m000(x2, q), x
+〉 (see Figure 9,
where the numbers in the curves indicate the Fredholm index).
The two curves can be glued together along q and the resulting curve is an index 1 curve
in the moduli space M1Σ123(x
+; δ1, x1, δ2, x2, δ3). This implies that the holomorphic buildings
contributing to m000(x2, d00(x1)) are in the boundary of the compactification of this moduli
space. In fact, each term of the Relation (5) is defined by a count of holomorphic buildings
whose components can be glued to give a curve in M1Σ123(x
+; δ1, x1, δ2, x2, δ3). Thus now we
look at all the possible breakings that can occur for a one parameter family of curves in this
dimension 1 moduli space. The curve can break on:
(1) an intersection point in Σ1∩Σ2, Σ2∩Σ3, or Σ3∩Σ1, giving a pseudo-holomorphic building
with one level containing two curves with a common asymptotic at this intersection point,
(2) a Reeb chord, giving a building of height 1|1|0, the central one level containing index
0 curves with boundary on non-cylindrical Lagrangians, the lower level containing an
index 1 curve with boundary on R× (Λ−1 ∪ Λ
−
2 ∪ Λ
−
3 ).
0
1
0 0
1
Figure 10. ∂-breaking of a curve in M1(x+; δ1, x1, δ2, x2).
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Remark 9. In the second case, if the curve breaks on a pure Reeb chord γ ∈ R(Λ−i ) for
i ∈ {1, 2, 3}, this is called a ∂-breaking (see Figure 10). One component of such a broken curve
contributes to ∂i(γ), where ∂i is the differential of the Legendrian contact homology of Λ−i . We
denote by M
∂
(x+; δ1, x1, δ2, x2, δ3) the union of all the ∂-breakings obtained as degeneration
of curves in M1Σ123(x
+; δ1, x1, δ2, x2, δ3). Now, the Cthulhu differential and the maps involved
in the definition of the product m2 are defined by a count of elements in some moduli spaces
of curves with two or three mixed asymptotics and every possible words of pure Reeb chords
asymptotics δi. Thus, the ∂-breakings on a chord γ for every possible words of pure chords δi will
contain all the curves contributing to ∂i(γ). Then, in the definition of the Cthulhu differential
and the product, pure chords are augmented by ε−i and by definition ε
−
i ◦ ∂
i = 0, so this means
that the total contribution of ∂-breakings vanishes.
The boundary of the compactification of M1Σ123(x
+; δ1, x1, δ2, x2, δ3) can be decomposed as
follows:
∂M1Σ123(x
+; δ1, x1, δ2, x2, δ3) =M
∂
(x+, δ1, x1, δ2, x2, δ3)⋃
p∈Σ1∩Σ2
δ′1δ
′′
1=δ1,δ
′
2δ
′′
2=δ2
M(x+; δ′1, p, δ
′′
2 , x2, δ3)×MΣ12(p; δ
′′
1 , x1, δ
′
2)
⋃
q∈Σ2∩Σ3
δ′2δ
′′
2=δ2,δ
′
3δ
′′
3=δ3
M(x+; δ1, x1, δ
′
2, q, δ
′′
3)×MΣ23(q; δ
′′
2 , x2, δ
′
3)
⋃
r∈Σ1∩Σ3
δ′1δ
′′
1=δ1,δ
′
3δ
′′
3=δ3
MΣ13(x
+; δ′1, r, δ
′′
3)×M(r; δ
′′
1 , x1, δ2, x2, δ
′
3)
⋃
M(x+; δ′1, ξ2,1, δ
′′′
2 , x2, δ3)× M˜(ξ2,1; δ
′′
1 , ξ1,2, δ
′′
2)×MΣ21(x1; δ
′
2, ξ1,2, δ
′′′
1 )⋃
M(x+; δ1, x1, δ
′
2, ξ3,2, δ
′′′
3 )× M˜(ξ3,2; δ
′′
2 , ξ2,3, δ
′′
3)×MΣ32(x2; δ
′
3, ξ2,3, δ
′′′
2 )⋃
MΣ13(x
+; δ′1, ξ3,1, δ
′′′
3 )× M˜(ξ3,1; δ
′′
1 , ξ1,3, δ
′′
3)×M(x2; δ
′
3, ξ1,3, δ
′′′
1 , x1, δ2)⋃
MΣ13(x
+; δ′1, ξ3,1, δ
′′′
3 )× M˜(ξ3,1; δ
′′
1 , ξ1,2, δ
′′
2 , ξ2,3, δ
′′
3)×MΣ21(x1; δ
′
2, ξ1,2, δ
′′′
1 )
×MΣ32(x2; δ
′
3, ξ2,3, δ
′′′
2 )
where the δ′i, δ
′′
i , δ
′′′
i are words of Reeb chords of Λ
−
i such that δ
′
iδ
′′
i = δi for the three first
unions, and δ′iδ
′′
i δ
′′′
i = δi in the four last unions where we sum also respectively for:
• ξ1,2 ∈ R(Λ
−
1 ,Λ
−
2 ), ξ2,1 ∈ R(Λ
−
2 ,Λ
−
1 ),
• ξ3,1 ∈ R(Λ
−
3 ,Λ
−
1 ), ξ1,3 ∈ R(Λ
−
1 ,Λ
−
3 ),
• ξ3,2 ∈ R(Λ
−
3 ,Λ
−
2 ), ξ2,3 ∈ R(Λ
−
2 ,Λ
−
3 ),
• ξ3,1 ∈ R(Λ
−
3 ,Λ
−
1 ), ξ2,3 ∈ R(Λ
−
2 ,Λ
−
3 ), ξ1,2 ∈ R(Λ
−
1 ,Λ
−
2 ).
See Figure 11 for a schematic picture of the above pseudo-holomorphic buildings (except the
∂-breakings because we do not draw the pure Reeb chords). From this, we can deduce Relation
(5). Indeed, there is a one-to-one correspondence between buildings involved in the definition
of each term in Relation (5) (from left to right) and buildings in ∂M1Σ123(x
+; δ1, x1, δ2, x2, δ3)
(from left to right on Figure 11), except that the last term of Relation (5) is defined by a count of
the two last types of buildings at the right of the figure. Moreover,M1Σ123(x
+; δ1, x1, δ2, x2, δ3)
is a compact 1-dimensional manifold so its boundary consists of an even number of points, hence
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0
0 0
0
1 1
0
0
0
0
0
0
1
0 0 0
1
0
0
Figure 11. Pseudo-holomorphic buildings in the boundary of the compactifi-
cation of M1(x+; δ−1 , x1, δ
−
2 , x2, δ
−
3 ).
the count of such points vanishes over Z2 and we get:
m000(x2, d00(x1)) +m
0
00(d00(x2), x1) + d00 ◦m
0
00(x2, x1)
+m00−(x2, d−0(x1)) +m
0
−0(d−0(x2), x1) + d0− ◦m
−
00(x2, x1) = 0
5.2.2. Relation (6). The first term of Relation (6) is m−00(x2, d00(x1)). For each Reeb chord
γ3,1 ∈ R(Λ
−
3 ,Λ
−
1 ), the coefficient 〈m
−
00(d00(x2), x1), γ3,1〉 is defined by a count of unfinished
buildings of two types, as we saw in Section 5.1 for the definition of m−. These unfinished
buildings have two levels such that the central one is a pseudo-holomorphic building. This
means that its components can be glued (see Figure 12). Indeed, the curves in the central
level glue together at an intersection point to produce unfinished pseudo-holomorphic buildings
respectively in the following products of moduli spaces:
M1Σ312(x2; δ3, γ1,3, δ1, x1, δ2)× M˜
1
R×Λ−13
(γ3,1; ξ1, γ1,3, ξ3)
M0Σ32(x2; δ3, γ2,3, δ2)×M
1
Σ21(x1;β2, γ1,2,β1)× M˜
1
R×Λ−123
(γ3,1; ζ1, γ1,2, ζ2, γ2,3, ζ3)
Similarly to the previous relation, we will study degeneration of curves in these products of
0
0
0
0
0
1 1
Figure 12. Unfinished buildings contributing to 〈m−00(x2, d00(x1)), γ3,1〉.
moduli spaces. However, these are not the only one we have to consider. Indeed, the second
term of Relation (6) is m−00(d00(x2), x1), and analogously to the first term, unfinished pseudo-
holomorphic buildings contributing to 〈m−00(x2, d00(x1)), γ3,1〉 for a Reeb chord γ3,1 ∈ R(Λ
−
3 ,Λ
−
1 )
have a pseudo-holomorphic building central level whose components can be glued. After gluing,
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we get unfinished buildings in the following products:
M1Σ312(x2; δ3, γ1,3, δ1, x1, δ2)× M˜
1
R×Λ−12
(γ3,1; ξ1, γ1,3, ξ3)
M1Σ32(x2; δ3, γ2,3, δ2)×M
0
Σ21(x1;β2, γ1,2,β1)× M˜
1
R×Λ−123
(γ3,1; ζ1, γ1,2, ζ2, γ2,3, ζ3)
Observe that the first product type is the same as one we already obtained above, but the second
is different. Let us consider now the third term of Relation (6), which is by definition a sum
m−−0(x2, d−0(x1)) = b ◦ f
(2)(x2, d−0(x1)) + b
(2)(f (1)(x2), d−0(x1))
The first term of this sum counts unfinished buildings of height 2|1|0 such that the two upper levels
form a pseudo-holomorphic building of height 1|1|0. The second one, b(2)(f (1)(x2), d−0(x1)), also
counts unfinished holomorphic buildings of height 2|1|0 but this time the two lower levels are a
holomorphic building of height 2 with boundary on R × Λ−. Gluing the components of these
buildings, we get unfinished buildings in the following products (see Figure 13):
M1Σ312(x2; δ3, γ1,3, δ1, x1, δ2)× M˜
1
R×Λ−12
(γ3,1; ξ1, γ1,3, ξ3)
M0Σ32(x2; δ3, γ2,3, δ2)×M
0
Σ21(x1;β2, γ1,2,β1)× M˜
2
R×Λ−123
(γ3,1; ζ1, γ1,2, ζ2, γ2,3, ζ3)
Again, we already got the first type of product but the second product is a new one we will
have to study. Then, the fourth term of Relation (6), m−0−(d−0(x2), x1)), is symmetric to the
0
0
1
1
1
1
0
2
0
0
0
1
0
01
Figure 13. Unfinished pseudo-holomorphic buildings contributing to the coef-
ficient 〈m−−0(x2, d−0(x1)), γ3,1〉 and gluing of some levels.
third and so counts unfinished buildings such that some levels can be glued to give unfinished
buildings in the same products of moduli spaces as above (for study of the third term). The fifth
term is d−0 ◦m000(x2, x1). The central level of unfinished buildings contributing to this term is
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a pseudo-holomorphic building with two curves which glue together at an intersection point in
Σ1 ∩ Σ3. After gluing, we get unfinished holomorphic buildings in the product:
M1Σ312(x2; δ3, γ1,3, δ1, x1, δ2)× M˜
1
R×Λ−13
(γ3,1; ξ1, γ1,3, ξ3)
Finally, the last term of the relation, d−− ◦ m
−
00(x2, x1), counts unfinished buildings of height
2|1|0 of two types, such that the two lower levels are holomorphic buildings of height 2 with
boundary on R× Λ−. Gluing those levels, we get unfinished buildings in the products:
M0Σ312(x2; δ3, γ1,3, δ1, x1, δ2)× M˜
2
R×Λ−13
(γ3,1; ξ1, γ1,3, ξ3)
M0Σ32(x2; δ3, γ2,3, δ2)×M
0
Σ21(x1;β2, γ1,2,β1)× M˜
2
R×Λ−123
(γ3,1; ζ1, γ1,2, ζ2, γ2,3, ζ3)
Now, in order to obtain Relation (6), we need to study the boundary of the compactification of
each product of moduli spaces appearing above, where live all the broken curves that are involved
in the definition of each term of the relation. So, to sum up, we must study the boundary of the
compactification of the following products:
M1(x2; δ3, γ1,3, δ1, x1, δ2)× M˜1(γ3,1; ξ1, γ1,3, ξ3)(13)
M0(x2; δ3, γ1,3, δ1, x1, δ2)× M˜2(γ3,1; ξ1, γ1,3, ξ3)(14)
M1(x2; δ3, γ2,3, δ2)×M
0(x1;β2, γ1,2,β1)× M˜
1(γ3,1; ζ1, γ1,2, ζ2, γ2,3, ζ3)(15)
M0(x2; δ3, γ2,3, δ2)×M
1(x1;β2, γ1,2,β1)× M˜
1(γ3,1; ζ1, γ1,2, ζ2, γ2,3, ζ3)(16)
M0(x2; δ3, γ2,3, δ2)×M
0(x1;β2, γ1,2,β1)× M˜
2(γ3,1; ζ1, γ1,2, ζ2, γ2,3, ζ3)(17)
In these products, moduli spaces of index 0 curves with boundary on non-cylindrical Lagrangians
are compact 0-dimensional manifolds, as well as the quotient of moduli spaces of index 1 curves
with boundary on the negative cylindrical ends of the Lagrangian cobordisms. On the other
hand, moduli spaces of index 1 curves with boundary on non-cylindrical Lagrangians are non
compact 1-dimensional manifolds, as well as the quotient of moduli spaces of index 2 curves with
boundary on cylindrical Lagrangians. By compactness results, these 1-dimensional moduli spaces
can be compactified and the boundary of the compactification consists of pseudo-holomorphic
buildings with rigid components. Thus, we need to describe the followings spaces:
(1) ∂M1(x2; δ3, γ1,3, δ1, x1, δ2),
(2) ∂M2(γ3,1; ξ1, γ1,3, ξ3),
(3) ∂M1(x2; δ3, γ2,3, δ2),
(4) ∂M1(x1;β2, γ1,2,β1),
(5) ∂M2(γ3,1; ζ1, γ1,2, ζ2, γ2,3, ζ3)
where we write M2 instead of M˜2 = (M2/R) to simplify notation for the compactification of
the quotient of a moduli space of index 2 curves with boundary on cylindrical Lagrangians. Once
we understand the boundaries of the compactified moduli spaces above, we understand all the
broken curves appearing as degeneration of unfinished buildings in the products (13), (14), (15),
(16) and (17).
1. ∂M1(x2; δ3, γ1,3, δ1, x1, δ2): the different pseudo-holomorphic buildings in this space are
listed below, where the unions are, depending on cases, over intersection points p ∈ Σ1 ∩ Σ2,
q ∈ Σ2 ∩ Σ3, r ∈ Σ1 ∩ Σ3, chords ξi,j ∈ R(Λ
−
i ,Λ
−
j ), 1 ≤ i 6= j ≤ 3, and words of pure chords
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δ′i, δ
′′
i , δ
′′′
i of Λ
−
i for i = 1, 2, 3 satisfying δ
′
iδ
′′
i = δi or δ
′
iδ
′′
i δ
′′′
i = δi.
∂M1(x2; δ3, γ1,3, δ1, x1, δ2) =M
∂
(x2; δ3, γ1,3, δ1, x1, δ2)⋃
p,δ′
i
,δ′′
i
M(x2; δ3, γ1,3, δ
′
1, p, δ
′′
2)×M(p; δ
′′
1 , x1, δ
′
2)
⋃
q,δ′
i
δ′′
i
M(x2; δ
′
3, q, δ
′′
2)×M(q; δ
′′
3 , γ1,3, δ1, x1, δ
′
2)
⋃
r,δ′
i
,δ′′
i
M(x2; δ
′
3, r, δ
′′
1 , x1, δ2)×M(r; δ
′′
3 , γ1,3, δ
′
1)
⋃
ξ2,1,ξ1,2
δ′i,δ
′′
i ,δ
′′′
i
M(x2; δ3, γ1,3, δ
′
1, ξ2,1, δ
′′′
2 )× M˜(ξ2,1; δ
′′
1 , ξ1,2, δ
′′
2)×M(x1; δ
′
2, ξ1,2, δ
′′′
1 )
⋃
ξ2,3,ξ3,2
δ′i,δ
′′
i ,δ
′′′
i
M(x2; δ
′
3, ξ2,3, δ
′′′
2 )× M˜(ξ2,3; δ
′′
3 , ξ3,2, δ
′′
2 )×M(x1; δ
′
2, ξ3,2, δ
′′′
3 , γ1,3, δ1)
⋃
ξ1,3
δ′i,δ
′′
i
M(x2; δ
′
3, ξ1,3, δ
′′
1 , x1, δ2)× M˜(ξ1,3; δ
′′
3 , γ1,3, δ
′
1)
⋃
ξ2,3,ξ1,2
δ′i,δ
′′
i ,δ
′′′
i
M(x2; δ
′
3, ξ2,3, δ
′′′
2 )×M(x1; δ
′
2, ξ1,2, δ
′′
1 )× M˜(ξ2,3, δ
′′
3 , γ1,3, δ
′
1, ξ1,2, δ
′′
2 )
See Figure 14 for a schematic picture of the different types of pseudo-holomorphic buildings in
∂M1(x2; δ3, γ1,3, δ1, x1, δ2).
0
0
0
0 0
0
0 0
1 1 1
0
0
0
1
0
0
0 0
Figure 14. Pseudo-holomorphic buildings in the boundary of M1(x2; δ3, γ1,3, δ1, x1, δ2).
2. ∂M2(γ3,1; ξ1, γ1,3, ξ3): pseudo-holomorphic buildings appearing as degeneration of index-2
bananas are of two types. We have:
∂M2(γ3,1; ξ1, γ1,3, ξ3) =M
∂
(γ3,1; ξ1, γ1,3, ξ3)⋃
ξ3,1,ξ
′
i
,ξ′′
i
M˜(γ3,1; ξ
′
1, ξ3,1, ξ
′′
3)× M˜(ξ3,1; ξ
′′
1 , γ1,3, ξ
′
3)
⋃
ξ1,3,ξ
′
i
,ξ′′
i
M˜(γ3,1; ξ
′
1, ξ1,3, ξ
′′
3)× M˜(γ1,3; ξ
′
3, ξ1,3, ξ
′
1)
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with again ξi,j ∈ R(Λ
−
i ,Λ
−
j ), and ξ
′
i, ξ
′′
i words of Reeb chords of Λ
−
i , with ξ
′
iξ
′′
i = ξi (see Figure
15).
0
1
01 1
1
Figure 15. Pseudo-holomorphic buildings in the boundary of M2(γ3,1; δ1, γ1,3, δ3).
With 1. and 2. above, we can describe all the types of broken curves in the boundary of the
compactification of the products (13) and (14). Instead of writing again huge unions of moduli
spaces, we drew on Figure 16 schematic pictures of the corresponding unfinished holomorphic
buildings. The first seven (from left to right and top to bottom) are in:
∂M1(x2; δ3, γ1,3, δ1, x1, δ2)×M
1(γ3,1; ξ1, γ1,3, ξ3)(18)
and the last two are in:
M0(x2; δ3, γ1,3, δ1, x1, δ2)× ∂M2(γ3,1; ξ1, γ1,3, ξ3)(19)
0
0
0
0 0
0
1 1
0
0
0
0
11
111
0 0
1
0
1
1 1
11
1 10 0
0 0
0 0
Figure 16. Unfinished pseudo-holomorphic buildings in (18) and (19).
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Remark 10. In the bottom of Figure 16, two of the unfinished holomorphic buildings com-
pensate: the leftmost compensate with the rightmost. The first one arises as a degeneration
of a curve in M1(x2; δ3, γ1,3, δ1, x1, δ2), and the second one as a degeneration of a banana in
M2(γ3,1; ξ1, γ1,3, ξ3). These two unfinished buildings correspond thus to different geometric con-
figurations because they live in the boundary of the compactification of two different products of
moduli spaces. However, these buildings differ only by a trivial strip R× γ3,1 so they contribute
algebraically to the same map which is in this case b ◦ δ−− ◦ f (2)(x2, x1), where δ−− is the dual
of d−−.
In order deduce the algebraic relation that these boundary elements give, we introduce a new
map:
∆(2) : Cn−1−∗(Λ
−
3 ,Λ
−
2 )× Cn−1−∗(Λ
−
2 ,Λ
−
1 )→ Cn−1−∗(Λ
−
3 ,Λ
−
1 )
defined on pairs of generators by:
∆(2)(γ2,3, γ1,2) =
∑
γ1,3
#M0(γ2,3; δ3, γ1,3, δ1, γ1,2, δ2)ε
−
1 (δ1)ε
−
2 (δ2)ε
−
3 (δ3) · γ1,3
∆(2)(γ2,3, γ2,1) =
∑
γ1,3
#M0(γ2,3; δ3, γ1,3, δ1, γ2,1, δ2)ε
−
1 (δ1)ε
−
2 (δ2)ε
−
3 (δ3) · γ1,3
∆(2)(γ3,2, γ1,2) =
∑
γ1,3
#M0(γ1,2; δ2, γ3,2, δ3, γ1,3, δ1)ε
−
1 (δ1)ε
−
2 (δ2)ε
−
3 (δ3) · γ1,3
∆(2)(γ3,2, γ2,1) = 0
Now, as for Relation (5), the mod-2 count of unfinished pseudo-holomorphic buildings in the
products (18) and (19) equals 0. On the other hand, these broken curves contribute to some
composition of maps we have defined earlier. This implies that the following relation is satisfied:
b ◦ f (2)(x2, d00(x1)) + b ◦ f
(2)(d00(x2), x1) + d−0 ◦m
0
00(x2, x1)
+ b ◦ f (2)(x2, d−0(x1)) + b ◦ f
(2)(d−0(x2), x1) + b ◦∆
(2)(f (1)(x2), f
(1)(x1))(20)
+ d−− ◦ b ◦ f
(2)(x2, x1) = 0
where we did not write the term b ◦ δ−− ◦ f (2)(x2, x1) as it would appear twice so this vanishes
over Z2 (see Remark 10).
3. ∂M1(x2; δ3, γ2,3, δ2): pseudo-holomorphic buildings in this space are of the following type
(see Figure 17).
∂M1(x2; δ3, γ2,3, δ2) =M1
∂
(x2; δ3, γ2,3, δ2)⋃
q∈Σ2∩Σ3
δi
′,δ′′i
M(x2; δ
′
3, q, δ
′′
2 )×M(q; δ
′′
3 , γ2,3, δ
′
2)
⋃
ξ2,3,δi
′,δ′′i
M(x2; δ
′
3, ξ2,3, δ
′′
2 )× M˜(ξ2,3; δ
′′
3 , γ2,3, δ
′
2)
4. ∂M1(x1;β2, γ1,2,β1): same types of degenerations as above (case 3.).
5. ∂M2(γ3,1; ζ1, γ1,2, ζ2, γ2,3, ζ3): we describe here degenerations of index-2 bananas with three
positive Reeb chords asymptotics (see Figure 18 for a schematic picture of the corresponding
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0
0
1
0
Figure 17. Pseudo-holomorphic buildings in ∂M1(x2; δ3, γ2,3, δ2).
broken curves).
∂M2(γ3,1; ζ1, γ1,2, ζ2, γ2,3, ζ3) =M
∂
(γ3,1; ζ1, γ1,2, ζ2, γ2,3, ζ3)⋃
ξ1,2,ζ
′
i
ζ′′
i
M˜(γ3,1; ζ
′
1, ξ1,2, ζ
′′
2 , γ2,3, ζ3)× M˜(γ1,2; ζ
′
2, ξ1,2, ζ
′′
1)
⋃
ξ2,3,ζ
′
i
ζ′′
i
M˜(γ3,1; ζ1, γ1,2, ζ
′
2, ξ2,3, ζ
′′
3)× M˜(γ2,3; ζ
′
3, ξ2,3, ζ
′′
2)
⋃
ξ3,1,ζ
′
i
ζ′′
i
M˜(γ3,1; ζ
′
1, ξ3,1, ζ
′′
3 )× M˜(ξ3,1; ζ
′′
1 , γ1,2, ζ2, γ2,3, ζ
′
3)
⋃
ξ2,1,ζ
′
i
ζ′′
i
M˜(γ3,1; ζ
′
1, ξ2,1, ζ
′′
2 , γ2,3, ζ3)× M˜(γ1,2; ζ
′
2, ξ2,1, ζ
′′
1)
⋃
ξ3,2,ζ
′
i
ζ′′
i
M˜(γ3,1; ζ1, γ2,1, ζ
′
2, ξ3,2, ζ
′′
3)× M˜(γ2,3; ζ
′
3, ξ3,2, ζ
′′
2)
⋃
ξ1,3,ζ
′
i
ζ′′
i
M˜(γ3,1; ζ
′
1, ξ1,3, ζ
′′
3 )× M˜(ξ1,3; ζ
′′
1 , γ1,2, ζ2, γ2,3, ζ
′
3)
where ζ ′i, ζ
′′
i are words of pure chords of Λ
−
i such that ζ
′
iζ
′′
i = ζi.
01
11
0 1
1 1
0 01 0 0 1 1 1
11
0 00
Figure 18. Pseudo-holomorphic buildings in the boundary of the compactifi-
cation of M˜2(γ3,1; δ1, γ1,2, δ2, γ2,3, δ3).
By 3., 4. and 5., we can describe all the types of unfinished pseudo-holomorphic buildings in
the boundary of the compactification of the products (15), (16) and (17), that is to say, unfinished
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Figure 19. Unfinished buildings in the boundary of the compactification of the
products (15), (16) and (17).
buildings in the spaces:
∂M1(x2; δ3, γ2,3, δ2)×M
0(x1;β2, γ1,2,β1)×M
1(γ3,1; ζ1, γ1,2, ζ2, γ2,3, ζ3)⋃
M0(x2; δ3, γ2,3, δ2)× ∂M1(x1;β2, γ1,2,β1)×M
1(γ3,1; ζ1, γ1,2, ζ2, γ2,3, ζ3)⋃
M0(x2; δ3, γ2,3, δ2)×M
0(x1;β2, γ1,2,β1)× ∂M
2(γ3,1; ζ1, γ1,2, ζ2, γ2,3, ζ3)
The corresponding buildings are schematized on Figure 19: the first two (from left to right and
top to bottom) are in the boundary of the compactification of (15), the following two are in
the boundary of the compactification of (16), and finally the six others are in the boundary
of the compactification of (17). As in the preceding case (see Remark 10), several unfinished
holomorphic buildings compensate. Indeed, the second and the sixth one, differing by a trivial
strip R× γ3,1 contribute to b(2)(δ−− ◦ f (1)(x2), f (1)(x1)), and the fourth and the fifth, differing
also by the same type of trivial strip contribute to b(2)(f (1)(x2), δ−− ◦ f (1)(x1)). We obtain this
time the relation:
b(2)(f (1) ◦ d00(x2), f
(1)(x1)) + b
(2)(f (1)(x2), f
(1) ◦ d00(x1))
+ d−− ◦ b
(2)(f (1)(x2), f
(1)(x1)) + b
(2)(f (1)(x2), d−0(x1)) + b
(2)(d−0(x2), f
(1)(x1))(21)
+ b ◦∆(2)(f (1)(x2), f
(1)(x1)) = 0
Combining Relations (20) and (21), we get Relation (6):
m−00(d00(x2), x1) +m
−
00(x2, d00(x1)) +m
−
−0(d−0(x2), x1)
+m−0−(x2, d−0(x1)) + d−0 ◦m
0
00(x2, x1) + d−− ◦m
−
00(x2, x1) = 0
where the term b◦∆(2)(f (1)(x2), f (1)(x1)) disappeared because it is at the same time in (20) and
(21) so vanishes over Z2.
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5.2.3. Relation (7). This relation is really analogous to Relation (5) except that one of the three
mixed asymptotics is a Reeb chord. Each term in (7) counts pseudo-holomorphic buildings whose
components can be glued on index-1 disks in the moduli space M1Σ123(x
+; δ1, γ1, δ2, x2, δ3).
To determine Relation (7), we have thus to study the broken curves in the boundary of the
compactification of this moduli space. This gives:
∂M1Σ123(x
+; δ1, γ1, δ2, x2, δ3) =M
∂
(x+, δ1, γ1, δ2, x2, δ3)⋃
p,δ′
i
,δ′′
i
M(x+; δ′1, p, δ
′′
2 , x2, δ3)×MΣ12(p; δ
′′
1 , γ1, δ
′
2)
⋃
q,δ′
i
,δ′′
i
M(x+; δ1, γ1, δ
′
2, q, δ
′′
3 )×MΣ23(q; δ
′′
2 , x2, δ
′
3)
⋃
r,δ′
i
,δ′′
i
MΣ13(x
+; δ′1, r, δ
′′
3 )×M(r; δ
′′
1 , γ1, δ2, x2, δ
′
3)
⋃
ξ2,1,δ
′
i
,δ′′
i
M(x+; δ′1, ξ2,1, δ
′′
2 , x2, δ3)× M˜(ξ2,1; δ
′′
1 , γ1, δ
′
2)
⋃
ξ3,2,ξ2,3
δ′i,δ
′′
i ,δ
′′′
i
M(x+; δ1, γ1, δ
′
2, ξ3,2, δ
′′′
3 )× M˜(ξ3,2; δ
′′
2 , ξ2,3, δ
′′
3)×MΣ32(x2; δ
′
3, ξ2,3, δ
′′′
2 )
⋃
ξ3,1,ξ1,3
δ′i,δ
′′
i ,δ
′′′
i
M(x+; δ′1, ξ3,1, δ
′′′
3 )× M˜(ξ3,1; δ
′′
1 , ξ1,3, δ
′′
3 )×M(x2; δ
′
3, ξ1,3, δ
′′′
1 , γ1, δ2)
⋃
ξ3,1,ξ2,3
δ′i,δ
′′
i ,δ
′′′
i
M(x+; δ′1, ξ3,1, δ
′′′
3 )× M˜(ξ3,1; δ
′′
1 , γ2,1, δ
′
2, ξ2,3, δ
′′
3)×MΣ32(x2; δ
′
3, ξ2,3, δ
′′
2 )
where the three first unions are respectively for p ∈ Σ1 ∩ Σ2, q ∈ Σ2 ∩ Σ3 and r ∈ Σ1 ∩ Σ3. On
0
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Figure 20. Pseudo-holomorphic buildings in the boundary of the compactifi-
cation of M1Σ123(x
+; δ1, γ1, δ2, x2, δ3).
Figure 20, each broken configuration contributes from left to right to the terms of Relation (7),
and so we get:
m000(x2, d0−(γ1)) +m
0
0−(d00(x2), γ1) + d00 ◦m
0
0−(x2, γ1)
+m00−(x2, d−−(γ1)) +m
0
−−(d−0(x2), γ1) + d0− ◦m
−
0−(x2, γ1
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5.2.4. Relation (8). Again, to find this relation we argue the same way as for Relation (6). First,
let us remark that one term in this relation already vanishes for energy reasons. More precisely,
by definition we have:
m−00(x2, d0−(γ1)) = b ◦ f
(2)(x2, d0−(γ1)) + b
(2)(f (1)(x2), f
(1) ◦ d0−(γ1))
but b(2)(f (1)(x2), f
(1) ◦ d0−(γ1)) = 0 because such a term would count negative energy curves
which is not possible, see Figure 21. Indeed, if there exist pseudo-holomorphic curves u ∈
M0(q; δ1, γ1, δ2) and v ∈ M0(q; ζ2, γ1,2, ζ1), then the energies of these curves are given by (see
Section 2.5):
Ed(χα)(u) = a(q)− a(γ1)− a(δ1)− a(δ2)
Ed(χα)(v) = −a(q)− a(γ1,2)− a(ζ1)− a(ζ2)
The energy of a non-constant pseudo-holomorphic curve is always strictly positive and the action
of Reeb chords is also always positive, so the existence of v implies that q is an intersection
point with a strictly negative action, which then contradicts existence of u. The other terms of
0
000
1
Figure 21. Impossible breaking.
Relation (8) are defined by a count of unfinished buildings such that some levels are in a pseudo-
holomorphic building, and so their components can be glued. After gluing, we get unfinished
buildings in the following products of moduli spaces
M1(x2; δ3, γ1,3, δ1, γ1, δ2)× M˜1(γ3,1; ξ1, γ1,3, ξ3)
M0(x2; δ3, γ1,3, δ1, γ1, δ2)× M˜2(γ3,1; ξ1, γ1,3, ξ3)
M1(x2; δ3, γ2,3, δ2)× M˜1(γ3,1; ζ1, γ1, ζ2, γ2,3, ζ3)
M0(x2; δ3, γ2,3, δ2)× M˜2(γ3,1; ζ1, γ1, ζ2, γ2,3, ζ3)
Now, in order to get the relation, we have to find the broken curves in the boundary of the
compactification of these products, i.e. broken curves in:
∂M1(x2; δ3, γ1,3, δ1, γ1, δ2)× M˜1(γ3,1; ξ1, γ1,3, ξ3)(22)
M0(x2; δ3, γ1,3, δ1, γ1, δ2)× ∂M2(γ3,1; ξ1, γ1,3, ξ3)(23)
∂M1(x2; δ3, γ2,3, δ2)× M˜1(γ3,1; ζ1, γ1, ζ2, γ2,3, ζ3)(24)
M0(x2; δ3, γ2,3, δ2)× ∂M2(γ3,1; ζ1, γ1, ζ2, γ2,3, ζ3)(25)
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We already described ∂M2(γ3,1; ξ1, γ1,3, ξ3) and ∂M
1(x2; δ3, γ2,3, δ2) in Section 5.2.2, so it re-
mains to study ∂M1(x2; δ3, γ1,3, δ1, γ1, δ2) and ∂M2(γ3,1; ζ1, γ1, ζ2, γ2,3, ζ3). First, we have the
following decomposition:
∂M1(x2; δ3, γ1,3, δ1, γ1, δ2) =M
∂
(x2; δ3, γ1,3, δ1, γ1, δ2)⋃
p∈Σ1∩Σ2
δ′i,δ
′′
i
M(x2; δ3, γ1,3, δ
′
1, p, δ
′′
2)×M(p; δ
′′
1 , γ1, δ
′
2)
⋃
q∈Σ2∩Σ3
δ′i,δ
′′
i
M(x2; δ
′
3, q, δ
′′
2)×M(q; δ
′′
3 , γ1,3, δ2, γ1, δ
′
2)
⋃
r∈Σ1∩Σ3
δ′i,δ
′′
i
M(x2; δ
′
3, r, δ
′′
1 , γ1, δ2)×M(r; δ
′′
3 , γ1,3, δ
′
1)
⋃
ξ2,1,δ
′
i
,δ′′
i
M(x2; δ3, γ1,3, δ
′
1, ξ2,1, δ
′′
2 )× M˜(ξ2,1; δ
′′
1 , γ1, δ
′
2)
⋃
ξ2,3,δ
′
i
,δ′′
i
M(x2; δ
′
3, ξ2,3, δ
′′
2)× M˜(ξ2,3; δ
′′
3 , γ1,3, δ1, γ1, δ
′
2)
⋃
ξ1,3,δ
′
i
,δ′′
i
M(x2; δ
′
3, ξ1,3, δ
′′
1 , γ1, δ2)× M˜(ξ1,3; δ
′′
3 , γ1,3, δ
′
1)
Finally, the buildings occurring as degeneration of index-2 bananas with two positive Reeb chord
asymptotics and one negative one are of the following type:
∂M2(γ3,1; ζ1, γ1, ζ2, γ2,3, ζ3) =M
∂
(γ3,1; ζ1, γ1, ζ2, γ2,3, ζ3)⋃
ξ2,1,ζ
′
i
,ζ′′
i
M˜(γ3,1; ζ
′
1, ξ2,1, ζ
′′
2 , γ2,3, ζ3)× M˜(ξ2,1; ζ
′′
1 , γ1, ζ
′
2)
⋃
ξ2,3,ζ
′
i
,ζ′′
i
M˜(γ3,1; ζ1, γ1, ζ
′
2, ξ2,3, ζ
′′
3 )× M˜(γ2,3; ζ
′
3, ξ2,3, ζ
′′
2)
⋃
ξ3,2,ζ
′
i
,ζ′′
i
M˜(γ3,1; ζ1, γ1, ζ
′
2, ξ3,2, ζ
′′
3 )× M˜(γ2,3; ζ
′
3, ξ3,2, ζ
′′
2)
⋃
ξ3,1,ζ
′
i
,ζ′′
i
M˜(γ3,1; ζ
′
1, ξ3,1, ζ
′′
3)× M˜(ξ3,1; ζ
′′
1 , γ1, ζ2, γ2,3, ζ
′
3)
⋃
ξ1,3,ζ
′
i
,ζ′′
i
M˜(γ3,1; ζ
′
1, ξ1,3, ζ
′′
3)× M˜(γ2,3; ζ
′
3, ξ1,3, ζ
′′
1 , γ1, ζ2)
The different types of unfinished buildings corresponding to elements in the products (22), (23),
(24) and (25) are schematized on Figure 22. On the top of the figure, unfinished buildings are
in (22) and (23), and we did not draw those that compensate by pair in these products because
they differ by a trivial strip (see Remark 10). On the bottom of the figure, unfinished buildings
are in (24) and (25), where we again did not draw the curves that compensate. However, we can
remark that one broken configuration in (22) compensate also with one in (25). Both contribute
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Figure 22. Broken curves in (22), (23), (24) and (25).
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Figure 23. Pseudo-holomorphic buildings in ∂M1(x+; δ1, γ1, δ2, γ2, δ3).
algebraically to b ◦∆(2)(f (1)(x2), γ1). The remaining unfinished buildings give the Relation (8):
m−00(x2, d0−(γ1)) +m
−
0−(d00(x2), γ1) +m
−
0−(x2, d−−(γ1))
+m−−−(d−0(x2), γ1) + d−0 ◦m
0
0−(x2, γ1) + d−− ◦m
−
0−(x2, γ1) = 0
5.2.5. Relations (9) and (10). By symmetry, Relations (9) and (10) for a pair (γ2, x1) are ob-
tained by studying same types of holomorphic curves as for Relations (7) and (8) corresponding
to a pair of asymptotics (x2, γ1).
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5.2.6. Relation (11). Each term of this relation corresponds to a count of broken curves in the
boundary of the compactification of M1(x+; δ1, γ1, δ2, γ2, δ3), and we have (see Figure 23):
∂M1(x+; δ1, γ1, δ2, γ2, δ3) =M
∂
(x+; δ1, γ1, δ2, γ2, δ3)⋃
q∈Σ1∩Σ3
δ′i,δ
′′
i
M0(x+; δ′1, q, δ
′′
3)×M
0(q; δ′′1 , γ1, δ2, γ2, δ
′
3)
⋃
q∈Σ1∩Σ2
δ′i,δ
′′
i
M0(x+; δ′1, q, δ
′′
2 , γ2, δ3)×M
0(q; δ′′1 , γ1, δ
′
2)
⋃
q∈Σ2∩Σ3
δ′i,δ
′′
i
M0(x+; δ1, γ1, δ
′
2, q, δ
′′
3 )×M
0(q; δ′′2 , γ2, δ
′
3)
⋃
ξ3,1,δ
′
i
,δ′′
i
M0(x+; δ′1, ξ3,1, δ
′′
3)× M˜
1(ξ3,1; δ
′′
1 , γ1, δ2, γ2, δ
′
3)
⋃
ξ2,1,δ
′
i
,δ′′
i
M0(x+; δ′1, ξ2,1, δ
′′
2 , γ2, δ3)× M˜
1(ξ2,1; δ
′′
1 , γ1, δ
′
2)
⋃
ξ3,2,δ
′
i
,δ′′
i
M0(x+; δ1, γ1, δ
′
2, ξ3,2, δ
′′
3)× M˜
1(ξ3,2; δ
′′
2 , γ2, δ
′
3)
5.2.7. Relation (12). The product of two Reeb chords being given by the product µ2
ε
+
3,2,1
in the
augmentation category Aug−(Λ
−
1 ∪ Λ
−
2 ∪ Λ
−
2 ), Relation (12) is satisfied because it is the A∞-
relation for d = 2 satisfied by the maps {µd}d≥1 (see (2) in Section 3.2). We recall the different
kinds of degeneration of a curve in M˜2(γ3,1; δ1, γ1, δ2, γ2, δ3) (see Figure 24):
∂M2(γ3,1; δ1, γ1, δ2, γ2, δ3) =M
∂
(γ3,1; δ1, γ1, δ2, γ2, δ3)⋃
M˜(γ3,1; δ
′
1, ξ3,1, δ
′′
3 )× M˜(ξ3,1; δ
′′
1 , γ1, δ2, γ2, δ
′
3)⋃
M˜(γ3,1; δ
′
1, ξ2,1, δ
′′
2 , γ2, δ3)× M˜(ξ2,1; δ
′′
1 , γ1, δ
′
2)⋃
M˜(γ3,1; δ1, γ1, δ
′
2, ξ3,2, δ
′′
3 )× M˜(ξ3,2; δ
′′
2 , γ2, δ
′
3)
1
1
1
1
1
10 0
Figure 24. Pseudo-holomorphic buildings in the boundary of M2(γ3,1; δ1, γ1, δ2, γ2, δ3)
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5.3. Proof of Theorem 2. Let us denote F1 := d+0+ d+− and recall that the acyclicity of the
Cthulhu complex implies that F1 is a quasi-isomorphism. We consider as before three transverse
exact Lagrangian cobordisms Σ1,Σ2 and Σ3 such that the algebras A(Λ
−
i ) admit augmentations.
As introduced in Section 2.4.4, we need to consider the new following moduli spaces of curves
with boundary on Σ1 ∪Σ2 ∪ Σ3 (see Figure 25):
MΣ123(γ
+
3,1; δ1, x1, δ2, x2, δ3)(26)
MΣ123(γ
+
3,1; δ1, γ1, δ2, x2, δ3)(27)
MΣ123(γ
+
3,1; δ1, x1, δ2, γ2, δ3)(28)
MΣ123(γ
+
3,1; δ1, γ1, δ2, γ2, δ3)(29)
with
• γ+3,1 ∈ R(Λ
+
3 ,Λ
+
1 ), γ1 ∈ R(Λ
−
2 ,Λ
−
1 ) and γ2 ∈ R(Λ
−
3 ,Λ
−
2 ),
• x1 ∈ Σ1 ∩ Σ2, x2 ∈ Σ2 ∩ Σ3,
• δi are words of Reeb chords of Λ
−
i , for i = 1, 2, 3.
Figure 25. Examples of curves in the moduli spaces (26), (27), (28), and (29) respectively.
By a count of rigid pseudo-holomorphic disks in these moduli spaces, we introduce a map:
F2 : CF−∞(Σ2,Σ3)⊗ CF−∞(Σ1,Σ2)→ C
∗(Λ+1 ,Λ
+
3 )
defined on pairs of generators by:
F2(x2, x1) =
∑
γ
+
3,1,δi
#M0(γ+3,1; δ1, x1, δ2, x2, δ3)ε
−
1 (δ1)ε
−
2 (δ2)ε
−
3 (δ3) · γ
+
3,1
F2(x2, γ1) =
∑
γ
+
3,1,δi
#M0(γ+3,1; δ1, γ1, δ2, x2, δ3)ε
−
1 (δ1)ε
−
2 (δ2)ε
−
3 (δ3) · γ
+
3,1
F2(γ2, x1) =
∑
γ
+
3,1,δi
#M0(γ+3,1; δ1, x1, δ2, γ2, δ3)ε
−
1 (δ1)ε
−
2 (δ2)ε
−
3 (δ3) · γ
+
3,1
F2(γ2, γ1) =
∑
γ
+
3,1,δi
#M0(γ+3,1; δ1, γ1, δ2, γ2, δ3)ε
−
1 (δ1)ε
−
2 (δ2)ε
−
3 (δ3) · γ
+
3,1
We have again to study breakings of index-1 pseudo-holomorphic curves in the moduli spaces
(26), (27), (28), and (29) in order to prove Theorem 2. For example, we describe below the
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0
0
1 1 1
1
1 1
0
0
0
0
0
0
0
0
0
0
0
0 0
0
0 0
Figure 26. Pseudo-holomorphic buildings in ∂M1(γ+3,1; δ1, x1, δ2, x2, δ3).
boundary of the compactification of M1(γ+3,1; δ1, x1, δ2, x2, δ3) (see Figure 26):
∂M1(γ+3,1; δ1, x1, δ2, x2, δ3) =M
1
∂
(γ+3,1; δ1, x1, δ2, x2, δ3)⋃
p∈Σ1∩Σ2
M(γ+3,1; δ
′
1, p, δ
′′
2 , x2, δ3)×M(p; δ
′′
1 , x1, δ
′
2)
⋃
q∈Σ2∩Σ3
M(γ+3,1; δ1, x1, δ
′
2, q, δ
′′
3 )×M(q; δ
′′
2 , x2, δ
′
3)
⋃
r∈Σ1∩Σ3
M(γ+3,1; δ
′
1, r, δ
′′
3)×M(r; δ
′′
1 , x1, δ2, x2, δ
′
3)
⋃
ξ
−
2,1,ξ
−
1,2
M(γ+3,1; δ
′
1, ξ
−
2,1, δ
′′′
2 , x2, δ3)× M˜(ξ
−
2,1; δ
′′
1 , ξ
−
1,2, δ
′′
2)×MΣ21(x1; δ
′
2, ξ
−
1,2, δ
′′′
1 )
⋃
ξ
−
3,2,ξ
−
2,3
M(γ+3,1; δ1, x1, δ
′
2, ξ
−
3,2, δ
′′′
3 )× M˜(ξ
−
3,2; δ
′′
2 , ξ
−
2,3, δ
′′
3)×MΣ32(x2; δ
′
3, ξ
−
2,3, δ
′′′
2 )
⋃
ξ−3,1,ξ
−
1,3
M(γ+3,1; δ
′
1, ξ
−
3,1, δ
′′′
3 )× M˜(ξ
−
3,1; δ
′′
1 , ξ
−
1,3, δ
′′
3 )×MΣ312(x2; δ
′
3, ξ
−
1,3, δ
′′′
1 , x1, δ2)
⋃
ξ
−
3,1,ξ
−
1,2,ξ
−
2,3
M(γ+3,1; δ
′
1, ξ
−
3,1, δ
′′′
3 )× M˜(ξ
−
3,1; δ
′′
1 , ξ
−
1,2, δ
′′
2 , ξ
−
2,3, δ
′′
3 )
×MΣ21(x1; δ
′
2, ξ
−
1,2, δ
′′′
1 )×MΣ32(x2; δ
′
3, ξ
−
2,3, δ
′′′
2 )
⋃
ξ
+
3,1
M˜1(γ+3,1;β1,1, . . . , β1,s, ξ
+
3,1, β3,1, . . . , β3,t)×M
0(ξ+3,1; δ
′′
1 , x1, δ2, x2, δ
′
3)
×
s∏
i=1
M0Σ1(β1,i; δ1,i)×
t∏
j=1
M0Σ3(β3,j ; δ3,j)
⋃
ξ
+
2,1,ξ
+
3,2
M˜1(γ+3,1;β1,1 . . . , β1,l, ξ
+
2,1, β2,1, . . . , β2,m, ξ
+
3,2, β3,1, . . . , β3,n)×M
0(ξ+2,1; δ
′′
1 , x1, δ
′
2)
×M0(ξ+3,2; δ
′′′
2 , x2, δ
′
3)×
l∏
i=1
M0Σ1(β1,i; δ1,i)×
m∏
i=1
M0Σ2(β2,i; δ2,i)×
n∏
i=1
M0Σ3(β3,i; δ3,i)
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where all unions except the last two are also for words of pure Reeb chords δ′i, δ
′′
i and δ
′′′
i of Λ
−
i
such that δ′i, δ
′′
i = δi, or δ
′
iδ
′′
i δ
′′′
i = δi, depending on cases. The second to last union is for:
• β1,i ∈ R(Λ
+
1 ) and δ1,i ∈ R(Λ
−
1 ) for 1 ≤ i ≤ s,
• β3,j ∈ R(Λ
+
3 ) and δ3,j ∈ R(Λ
−
3 ) for 1 ≤ j ≤ t,
• δ′′1 word of Reeb chords of Λ
−
1 ,
• δ′3 word of Reeb chord of Λ
−
3 ,
such that δ1,1 . . . δ1,sδ
′′
1 = δ1 and δ
′
3δ3,1 . . . δ3,t = δ3. The count of curves in the moduli space
M0Σ1(β1,i; δ1,i) contribute to the coefficient 〈φΣ1(β1,i), δ1,i〉, where recall that φΣ1 : A(Λ
+
1 ) →
A(Λ−1 ) is the chain map induced by Σ1 (see Section 3.3). So the count of curves in
M1(γ+3,1;β1,1, . . . , β1,s, ξ
+
3,1, β3,1, . . . , β3,t)×
s∏
i=1
M0Σ1(β1,i; δ1,i)×
t∏
j=1
M0Σ3(β3,j ; δ3,j)
contributes to 〈µ1
ε
+
3 ,ε
+
1
(ξ+3,1), γ
+
3,1〉 because ε
+
i = ε
−
i ◦ φΣi . Finally, the last union is for
• β1,i ∈ R(Λ
+
1 ) and δ1,i ∈ R(Λ
−
1 ) for 1 ≤ i ≤ l,
• β1,i ∈ R(Λ
+
2 ) and δ2,i ∈ R(Λ
−
2 ) for 1 ≤ i ≤ m,
• β3,i ∈ R(Λ
+
3 ) and δ3,i ∈ R(Λ
−
3 ) for 1 ≤ i ≤ n,
• δ′′1 word of Reeb chords of Λ
−
1 ,
• δ′2 and δ
′′′
2 words of Reeb chords of Λ
−
2 ,
• δ′3 word of Reeb chord of Λ
−
3 ,
such that
• δ1,1 . . . δ1,lδ
′′
1 = δ1,
• δ′2δ2,1 . . . δ2,mδ
′′′
2 = δ2, and
• δ′3δ3,1 . . . δ3,n = δ3.
Again, the count of broken curves in
M(γ+3,1;β1,1 . . . , β1,l, ξ
+
2,1, β2,1, . . . , β2,m, ξ
+
3,2, β3,1, . . . , β3,n)×
l∏
i=1
M0Σ1(β1,i; δ1,i)
×
m∏
i=1
M0Σ2(β2,i; δ2,i)×
n∏
i=1
M0Σ3(β3,i; δ3,i)
contributes to the coefficient 〈µ2
ε
+
3 ,ε
+
2 ,ε
+
1
(ξ+3,2, ξ
+
2,1), γ
+
3,1〉.
By denoting d++ for µ
1
ε
+
3 ,ε
+
1
, the study of breakings above implies that F2 satisfies the relation:
F2(x2, d00(x1)) + F
2(x2, d0−(x1)) + F
2(d00(x2), x1) + F
2(d−0(x2), x1) + d+0 ◦m
0
00(x2, x1)
+d+− ◦m
−
00(x2, x1) + d++ ◦ F
2(x2, x1) + µ
2
ε+3,2,1
(d+0(x2), d+0(x1)) = 0(30)
Analogously, the different types of buildings in ∂M1Σ123(γ
+
3,1; δ1, γ1, δ2, x2, δ3) are schematized
on Figure 27, and this gives for F2 the relation:
F2(x2, d0−(γ1)) + F
2(x2, d−−(γ1)) + F
2(d00(x2), γ1) + F
2(d−0(x2), γ1) + d+0 ◦m
0
0−(x2, γ1)
+d+− ◦m
−
0−(x2, γ1) + d++ ◦ F
2(x2, γ1) + µ
2
ε
+
3,2,1
(d−0(x2), d+−(γ1)) = 0(31)
The symmetric relation for the pair (γ2, x1) of asymptotics is of course also satisfied. Finally,
pseudo-holomorphic buildings in ∂M1Σ123(γ
+
3,1; δ1, γ1, δ2, γ2, δ3) are schematized on Figure 28
PRODUCT STRUCTURES IN FLOER THEORY FOR LAGRANGIAN COBORDISMS 49
and thus we get:
F2(γ2, d0−(γ1)) + F
2(γ2, d−−(γ1)) + F
2(d0−(γ2), γ1) + F
2(d−−(γ2), γ1) + d+0 ◦m
0
−−(γ2, γ1)
+d+− ◦m
−
−−(γ2, γ1) + d++ ◦ F
2(γ2, γ1) + µ
2
ε
+
3,2,1
(d+−(γ2), d+−(γ1)) = 0(32)
Combining Relations (30), (31) and its symmetric one, and (32), we deduce that F2 satisfies:
0
0
0 0
0
0
0
0
0
0 0
00
0
0
00
0
1 1 1 1
1 1
Figure 27. Pseudo-holomorphic buildings in ∂M1(γ+3,1; δ1, γ1, δ2, x2, δ3).
0
1
0
0
0
0
0
0
0
0
0
0 0 0 0
1 1
1 1
Figure 28. Pseudo-holomorphic buildings in ∂M1(γ+3,1; δ1, γ1, δ2, γ2, δ3).
F2(−, ∂−∞) + F
2(∂−∞,−) + F
1 ◦m2+d++ ◦ F
2 + µ2
ε
+
3,2,1
(F1,F1) = 0
The map induced by F1 in homology satisfies then F1 ◦ m2+µ2ε+3,2,1
(F1,F1) = 0, and so F1
preserves products in homology.
Remark 11. In the case where Λ−1 = ∅ and Σ2, Σ3 are small Hamiltonian perturbations of
Σ := Σ1 such that the pairs (Σ1,Σ2), (Σ2,Σ3) and (Σ1,Σ3) are directed, then HF−∞(Σi,Σj) ≃
HF (Σi,Σj) ≃ H∗(Σ) for 1 ≤ i < j ≤ 3 (see Proposition 2), and so Theorem 2 tells us that the
Ekholm-Seidel isomorphism is a ring isomorphism.
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6. An A∞-structure
The goal of this section is to show that the product structure can be expanded to an A∞-
structure on families of transverse cobordisms. So we want to find operations md, for d ≥ 1,
satisfying the A∞-relation. For every pair of transverse exact Lagrangian cobordisms (Σ1,Σ2),
the order-1 map is the differential ∂−∞ on CF−∞(Σ1,Σ2), that we denote now m1. The order-
2 map is the product m2 we constructed in Section 5.1, defined for every triple of transverse
cobordisms. More generally, for every (d + 1)-tuple of transverse cobordisms Σ1, . . . ,Σd+1, we
will construct a map:
md : CF−∞(Σd,Σd+1)⊗ · · · ⊗ CF−∞(Σ1,Σ2)→ CF−∞(Σ1,Σd+1)
such that the family of maps {md}d≥1 satisfy for all d ≥ 1:∑
1≤j≤d
0≤n≤d−j
md−j+1(id
⊗d−j−n⊗mj ⊗ id
⊗n) = 0
For each d ≥ 1, we have md = m0d +m
−
d where m
0
d takes values in CF (Σ1,Σd+1) and m
−
d takes
values in C∗(Λ−1 ,Λ
−
d+1). We will define separately those two components.
6.1. Definition of the operations. Let Σ1, . . . ,Σd+1, for d ≥ 2, be transverse Lagrangian
cobordisms from Λ−i to Λ
+
i for i = 1, . . . , d+1 such that the algebrasA(Λ
−
i ) admit augmentations
ε−i . The map m
0
d is naturally the generalization of m
0
2 and is thus defined by a count of rigid
pseudo-holomorphic disks with boundary on non cylindrical parts of the cobordisms, and d + 1
mixed asymptotics. Indeed, we define:
m0d : CF
∗
−∞(Σd,Σd+1)⊗ · · · ⊗ CF
∗
−∞(Σ1,Σ2)→ CF
∗(Σ1,Σd+1)
by
m0d(ad, . . . , a1) =
∑
x+∈Σ1∩Σd+1
δ1,...,δd+1
#M0(x+; δ1, a1, δ2, . . . , ad, δd+1) · ε
− · x+(33)
where δi are words of Reeb chords of Λ
−
i for 1 ≤ i ≤ d + 1, and the term “ε
−” means that
we augment all the pure Reeb chords with the corresponding augmentations, i.e. ε− should be
replaced by ε−1 (δ1)ε
−
2 (δ2) . . . ε
−
d+1(δd+1) in the formula. Also, the choice of Lagrangian label for
the moduli spaces involved in the definition of m0d is (Σ1, . . . ,Σd+1). Now let us define m
−
d . As
in the case d = 2, this map is defined by a count of unfinished pseudo-holomorphic buildings,
except when all the asymptotics are Reeb chords, and so we define it as a composition of maps.
First, consider the map
f (d) : CF−∞(Σd,Σd+1)⊗ · · · ⊗ CF−∞(Σ1,Σ2)→ Cn−1−∗(Λ
−
d+1,Λ
−
1 )
defined as follows. Let (ad, . . . , a1) be a d-tuple of asymptotics with ai ∈ CF−∞(Σi,Σi+1) for
all i = 1, . . . , d+ 1 (Σd+2 := Σ1 with convention). Assume that at least one ai is an intersection
point, that is to say in CF (Σi,Σi+1), and denote j the largest index such that aj is an intersection
point. We set:
f (d)(ad, . . . , a1) =
∑
γ1,d+1
δ1,...,δd+1
#M0Σj+1,j+2,...,d+1,1,...,j (aj ; δj+1, aj+1, . . .
. . . , ad, δd+1, γ1,d+1, δ1, a1, . . . , aj−1, δj) · ε
− · γ1,d+1
In the case where all the asymptotics are Reeb chords (γd, . . . , γ1), with γi ∈ C∗(Λ
−
i ,Λ
−
i+1), we
set f (d)(γd, . . . , γ1) = 0. These maps f
(d) are generalizations of the maps f (1) and f (2) defined
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in Section 5.1. However, recall that contrary to f (d) for d ≥ 2, when γ is a Reeb chord, we have
f (1)(γ) = γ (and not f (1)(γ) = 0). Now we generalize the bananas b(1) := b and b(2) with higher
order maps. For j > i, recall that we denote C∗(Λ−i ,Λ
−
j ) = Cn−1−∗(Λ
−
j ,Λ
−
i )⊕C
∗(Λ−i ,Λ
−
j ). We
define for all d ≥ 3:
b(d) : C∗(Λ−d ,Λ
−
d+1)⊗ · · · ⊗ C
∗(Λ−1 ,Λ
−
2 )→ C
∗(Λ−1 ,Λ
−
d+1)
by
b(d)(γd, . . . , γ1) =
∑
γd+1,1
δ1,...,δd+1
#M˜1(γd+1,1; δ1, γ1, δ2, . . . , γd, δd+1) · ε
− · γd+1,1
where the choice of Lagrangian label is (R×Λ−1 , . . . ,R×Λ
−
d+1), and the δi are still words of Reeb
chords of Λ−i and are negative asymptotics. Remark that as for d = 2, for a d-tuple (γd, . . . , γ1) of
chords γi ∈ C∗(Λ
−
i ,Λ
−
i+1), the map b
(d) corresponds to the map µd
ε
−
d+1,...,ε
−
1
in the augmentation
category Aug−(Λ
−
1 ∪ · · · ∪ Λ
−
d+1). On Figure 29 are schematized examples of curves involved in
the definition of the banana maps. Finally, for d ≥ 3, we generalize the maps ∆(1) := δ−− and
1
1
Figure 29. Left: a curve contributing to b(3)(γ3,4, γ2,3, γ1,2); right: a curve
contributing to b(4)(γ4,5, γ3,4, γ3,2, γ2,1).
∆(2) (defined in Section 5.2.2) by:
∆(d) : C∗(Λ−d ,Λ
−
d+1)⊗ · · · ⊗ C
∗(Λ−1 ,Λ
−
2 )→ Cn−1−∗(Λ
−
d+1,Λ
−
1 )
defined as follows. Let (γd, . . . , γ1) be a d-tuple of Reeb chords. If there is a 1 ≤ i ≤ d such that
γi ∈ Cn−1−∗(Λi+1,Λi), then let j the largest index such that γj ∈ Cn−1−∗(Λ
−
j+1,Λ
−
j ), then we
set:
∆(d)(γd, . . . , γ1) =
∑
γ1,d+1
δi
#M˜1(γj ; δj+1, γj+1, . . . ,γd, δd+1, γ1,d+1, δ1, γ1, . . .
. . . , γj−2, δj−1, γj−1, δj) · ε
− · γ1,d+1
where the Lagrangian label is (R×Λ−j+1, . . . ,R×Λ
−
d+1,R×Λ
−
1 , . . . ,R×Λ
−
j ). Now, if (γd, . . . , γ1)
is a d-tuple of Reeb chords γi ∈ C∗(Λ
−
i ,Λ
−
i+1), we set ∆
(d)(γd, . . . , γ1) = 0. Remark that chords
from Λ−i to Λ
−
i+1 that are asymptotics of curves in moduli spaces involved in the definition of ∆
(d)
are positive asymptotics, while chords from Λ−i+1 to Λ
−
i are negative asymptotics. These maps
∆(d) are not directly involved in the definition of m−d but they will be useful in order to express
algebraically the unfinished pseudo-holomorphic buildings appearing in the study of breakings
of pseudo-holomorphic curves. We schematized on Figure 30 examples of curves contributing to
f (d) and ∆(d). Now we can finally define the map:
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0
1
Figure 30. Left: a curve contributing to f (3)(x3,4, x2,3, γ2,1); right: a curve
contributing to ∆(4)(γ4,5, γ3,4, γ2,3, γ2,1).
m−d : CF
∗
−∞(Σd,Σd+1)⊗ · · · ⊗ CF
∗
−∞(Σ1,Σ2)→ C
∗(Λ−1 ,Λ
−
d+1)
by setting
m−d (ad, . . . , a1) =
∑
1≤j≤d
i1+···+ij=d
b(j)
(
f (ij)(ad, ..., ad−ij+1), . . . , f
(i1)(ai1 , ..., a1)
)
(34)
for a d-tuple of generators (ad, . . . , a1), and recall the following conventions on the f
(d)’s in the
formula:
f (1)(ai) = ai if ai = γi+1,i(35)
f (s)(γi+1,i, γi,i−1, . . . , γi−s+2,i−s+1) = 0 for 1 < s ≤ i ≤ d(36)
Remark that, as required, the formulas (33) and (34) in the case d = 2 correspond to the product
m2.
6.2. Proof of Theorem 3. In order to show the A∞-relation, again we study breakings of
pseudo-holomorphic curves. The A∞-relation for the maps {md}d can be rewritten:∑
1≤j≤d
0≤n≤d−j
m0d−j+1(id
⊗d−j−n⊗mj ⊗ id
⊗n)
+
∑
1≤j≤d
0≤n≤d−j
m−d−j+1(id
⊗d−j−n⊗mj ⊗ id
⊗n) = 0
First we start by showing that∑
1≤j≤d
0≤n≤d−j
m0d−j+1(id
⊗d−j−n⊗mj ⊗ id
⊗n) = 0(37)
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and then we will prove that∑
1≤j≤d
0≤n≤d−j
m−d−j+1(id
⊗d−j−n⊗mj ⊗ id
⊗n) = 0(38)
6.2.1. Proof of Relation (37). To show this relation we need to understand the different types of
pseudo-holomorphic buildings contributing to the maps in the sum. For a d-tuple (ad, . . . , a1) of
asymptotics, each term of (37) is either of the form
m0d−j+1
(
ad, . . . ,m
0
j(an+j , . . . , an+1), an, . . . , a1
)
(39)
or
m0d−j+1
(
ad, . . . ,m
−
j (an+j , . . . , an+1), an, . . . , a1
)
(40)
The pseudo-holomorphic buildings contributing to (39) are of height 0|1|0. The central level of
each building contains two curves which have a common asymptotic on an intersection point,
and can be glued on a pseudo-holomorphic disk in the moduli space
M1(x+; δ1, a1, δ2, a2, . . . , δd, ad, δd+1)(41)
The same happens for pseudo-holomorphic buildings contributing to the terms in (40). Such
a building is of height 1|1|0 and has components that can be glued on an index-1 curve in
the moduli space (41). Indeed, m− counts unfinished buildings (as soon as one asymptotic at
least is an intersection point, otherwise it counts just one banana) of height 1|1|0 such that
the curve with boundary on the negative cylindrical ends is a banana which has for output a
positive chord γn+j+1,n+1 ∈ R(Λn+j+1,Λn+1). The map m
0 applied to the remaining asymp-
totics and γn+j+1,n+1 is then given by the count of index-0 pseudo-holomorphic curves in the
central level. The unfinished buildings contributing to m− and the curves contributing to m0
together give a pseudo-holomorphic building, and the corresponding glued curve is an index-1
pseudo-holomorphic curve in (41).
Now, in order to establish Relation (37), we must study the boundary of the compactification
of this moduli space. So we consider a 1-parameter family of index-1 curves u : Sr → R × Y
in (41), for r ∈ Rd+1, and let us explain the different possible types of degeneration for such a
family. Recall first that we can associate to Sr a planar stable rooted tree Td+1 with d leaves
and one vertex. Let us denote ρ the root.
Given a subset (yn+1, . . . , yn+j) consisting of j successive punctures of Sr, stretching the neck
between those punctures and the others means
• either deforming Sr to approach a boundary strata of the compactification of the Stasheff
associahedra Rd+1 for which elements are in bijection with stable rooted trees with d
leaves and one interior edge e (stable breaking),
• or, deforming Sr until the corresponding tree is not stable anymore (unstable breaking).
In the first case, the new interior edge e splits the tree Td+1 into two subtrees: one with leaves
corresponding to the punctures (yn+1, . . . , yn+j) and a root which is an end of e; the other subtree
has leaves corresponding to the punctures y1, . . . , yn, yn+j+1, . . . , yd and the other end of e, and
its root is the initial root ρ of Td+1.
Now, consider a curve u : Sr → R× Y in (41) with mixed asymptotics ai ∈ CF−∞(Σi,Σi+1)
for 1 ≤ i ≤ d, and x+ ∈ CF (Σ1,Σd+1). By an abuse of language, given a subset (an+j , . . . , an+1)
consisting of j successive asymptotics of (ad, . . . , a1), “stretching the neck” between those asymp-
totics and the others means that we consider a family of pseudo-holomorphic curves obtained by
realizing the operation described above on the domain of u.
By this stretching the neck procedure, the pseudo-holomorphic curve u can break on (i.e. the
asymptotic corresponding to the ends of the new interior edge e):
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(1) an intersection point q ∈ CF (Σn+1,Σn+j+1) and we get two index-0 curves with asymp-
totics (q, an+1, . . . , an+j) for one and (x
+, a1, . . . , an, q, an+j+1, . . . , ad) for the other in
this cyclic order when following the boundary of the curve counterclockwise. Such a
pseudo-holomorphic building contribute to:
m0d−j+1
(
ad, . . . ,m
0
j(an+j , . . . , an+1), an, . . . , a1
)
(2) one Reeb chord γn+j+1,n+1 and some Reeb chords γαs,αs+1 for 1 ≤ s ≤ r, such that
(αs)s is a strictly increasing finite sequence of length r ≤ j, with α1 = n + 1 and
αr+1 = n + j + 1. In this case, we get a pseudo-holomorphic building with two levels,
such that the central level contains r + 1 rigid curves. One of them is asymptotic to
x+, a1, . . . , an, γn+j+1,n+1, an+j+1, . . . , ad in this cyclic order and contributes to the map
m0, and each of the others has one negative puncture asymptotic to a chord γαs,αs+1
and αs+1 − αs other asymptotes. Such a curve contributes to the map f (αs+1−αs). The
component of the building in the negative cylindrical level is a banana with positive
Reeb chords asymptotics γn+j+1,n+1 (the output), and γαs,αs+1 (which are inputs), and
possibly negative Reeb chords among the asymptotics (an+j , . . . , an+1) which are not
asymptotics of curves in the central level. So finally these pseudo-holomorphic buildings
contribute to:
m0d−j+1
(
ad, . . . ,
∑
1≤s≤j
i1+···+is=j
b(s)
(
f (is)(an+j , . . . ), . . . , f
(i1)(. . . )
)
, an, . . . , a1
)
By (1) and (2) above we describe every type of degeneration for a curve in the moduli space
M1(x+; δ1, a1, δ2, a2, . . . , δd, ad, δd+1). These degenerations are pseudo-holomorphic buildings
which are in bijection with the elements in the boundary of the compactification of the mod-
uli space. This compactification being a 1-dimensional manifold with boundary, its boundary
components arise in pair, which gives 0 modulo 2. This implies Relation (37).
6.2.2. Proof of Relation (38). In this section, in order to be less confusing, we do not write the
pure chords asymptotics in the moduli spaces anymore. As before, the left-hand side of Relation
(38), with inputs a d-tuple of asymptotics (ad, . . . , a1), splits into two sums:∑
1≤j≤d
0≤n≤d−j
m−d−j+1
(
ad, . . . , an+j+1,m
0
j(an+j , . . . , an+1), an, . . . , a1
)
(42)
and ∑
1≤j≤d
0≤n≤d−j
m−d−j+1
(
ad, . . . , an+j+1,m
−
j (an+j , . . . , an+1), an, . . . , a1
)
(43)
First, let us look for example the term
b(1) ◦ f (d−j+1)
(
ad, . . . ,m
0
j(an+j , . . . , an+1), an, . . . a1
)
appearing in (42). If (ad, . . . , a1) is a d-tuple of Reeb chords, then as we already saw this term
vanishes for energy reasons. So let us assume that at least one ak is an intersection point.
Then, the term we consider is given by a count of unfinished buildings of height 1|1|0 with two
components in the central level having a common asymptotic at an intersection point, and a
banana in the lower level. Gluing the central level components gives an unfinished building in
(see Figure 31) :
M1(ak; ak+1, . . . , ad, γ1,d+1, a1, . . . , ak−1)× M˜1(γd+1,1; γ1,d+1)
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Figure 31. On the top: example of unfinished building contributing to b(1) ◦
f (4)(x4,5, x3,4, x2,3, γ2,1) and the corresponding glued curve. On the bottom:
impossible breaking for energy reasons.
Let us take another term of (42), for example:
b(2)
(
f (d−j+1)
(
ad, . . . , an+j+1
)
, f (n+1)
(
m0j(an+j , . . . , an+1), an, . . . a1
))
This one counts again unfinished buildings of height 1|1|0 with the following conditions:
(1) assume ad, . . . , an+j+1 are Reeb chords: if n+j+1 < d, then f
(d−j+1)(ad, . . . , an+j+1) =
0, and if n+ j+1 = d, then f (1)(ad) = ad. In this latter case, the term above counts un-
finished buildings with two components in the central level having a common asymptote
to an intersection point, and one banana in the bottom level having two positive Reeb
chords asymptotics γ1,d (as an input, which is the output of f
(n+1)) and γd+1,1 (output)
and ad as a negative Reeb chord asymptotic.
(2) if ad, . . . , an+j+1 contains at least one intersection point, and we assume it is an+j+1
(just to simplify the writing of moduli spaces below), we get then an unfinished building
with three components in the central level: two of them have a common asymptotic to an
intersection point and the other is disjoint from them and has asymptotes ad, . . . , an+j+1
and a Reeb chord γn+j+1,d+1 (output of f
(d−j+1)). The bottom level contains a banana
with positive Reeb chords which are the output of f (n+1), the chord γn+j+1,d+1 and a
chord γd+1,1 as output.
In the two cases above, we assume that at least one asymptotic among an+j, . . . , an+1, an, . . . a1
is an intersection point, otherwise the term vanishes for energy reasons. Again, in order to
simplify the moduli spaces, assume that a1 is an intersection point. Then, in each case the two
components in the central level having a common asymptotic can be glued and thus after gluing
we get an unfinished building in:
M1(a1; a2, . . . , ad−1, γ1,d)× M˜1(γd+1,1; γ1,d, ad)(44)
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for the case (1) above, and in
M1(a1; a2, . . . , an+j, γ1,n+j+1)×M
0( an+j+1; an+j+2, . . . , ad, γn+j+1,d+1)(45)
× M˜1(γd+1,1; γ1,n+j+1, γn+j+1,d+1)
for the case (2) above. More generally, each term of the sum (42) takes the form
b(j)
(
f (ij) ⊗ · · · ⊗ f (is)(id⊗p⊗m0q ⊗ id
⊗r)⊗ · · · ⊗ f (i1)
)
with p+ q+ r = is. Hence, analogously to the two special terms described above, the unfinished
buildings contributing to (42), are composed by several rigid curves in the central level so that
two of them have a common asymptotic to an intersection point, and one index-1 banana in
the bottom level, having for positive input asymptotics the output chords of the maps f (), and
potentially some negative chords among a1, . . . , ad, and finally a positive Reeb chord asymptotic
γd+1,1 as output. These buildings are in the boundary of the compactification of products of
moduli spaces of type (45), with possibly more or no (as for (44)) rigid components in the central
level. We thus have to study the boundary of the compactification of moduli spaces of index 1
curves with boundary on Σ1, . . . ,Σd+1 and punctures asymptotic to Reeb chords and intersection
points (at least one which plays the role of positive puncture) in Floer complexes CF−∞(Σi,Σj),
and one negative puncture asymptotic to a Reeb chord γ1,d+1. We will say that these moduli
spaces are of type A.
Now, let us describe the different kinds of buildings that contribute to the terms of the sum
(43). One of the terms of the sum is for example:
b(1) ◦ f (d−1)
(
ad, . . . , a3, b
(1) ◦ f (2)(a2, a1)
)
which vanishes if a2, a1 are both Reeb chords or if ad, . . . , a3 are all Reeb chords, so we assume
that at least a1 and a3 are intersection points. Such a composition of maps is given by a count
of unfinished buildings of height 2|1|0 such that the two upper levels form a pseudo-holomorphic
building whose components can be glued. After gluing, we get an unfinished building in
M1(a1; a2, . . . , ad, γ1,d+1)× M˜1(γd+1,1; γ1,d+1)(46)
(see Figure 32) where the first moduli space is of type A and the second one is a banana. Another
1
0
0
1
1
1
0
Figure 32. Unfinished pseudo-holomorphic building contributing to b(1) ◦
f (3)(x4,5, x3,4, b
(1) ◦ f (2)(γ3,2, x1,2)) and the corresponding glued curve.
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term appearing in (43) is for example:
b(2)
(
f (d−2)(ad, . . . , a3), f
(1) ◦ b(1) ◦ f (2)(a2, a1)
)
= b(2)
(
f (d−2)(ad, . . . , a3), b
(1) ◦ f (2)(a2, a1)
)
where the equality comes from the convention (35). The unfinished pseudo-holomorphic buildings
contributing to this term are of height 2|1|0 again (still assuming that a1 and a3 are intersection
points), but this time the two lowest levels form a building. Performing the gluing operation for
these two levels, we get an unfinished building in:
M0(a1; a2, γ1,3)×M
0(a3; a4, . . . , ad, γ3,d+1)× M˜2(γd+1,1; γ1,3, γ3,d+1)(47)
The two first moduli spaces are rigid and contribute respectively to the maps f (2) and f (d−2),
whereas the third moduli space is a moduli space of non rigid bananas.
More generally, each term of (43) is given by a count of unfinished buildings of height 2|1|0
such that either the two uppermost levels or the two lowest levels form a building. In the first
case, after gluing we get an unfinished building in a product of moduli spaces of type (46) and
in the second case (which appears only when the interior m− is composed with f (1), because
f (1) ◦m− = m− by convention) we get an unfinished building in a product of type (47). This
leads again to the study of the boundary of the compactification of moduli spaces of type A and
also to the study of the boundary of the compactification of moduli spaces of index 2 bananas.
Type A: ∂M1(ak; ak+1, . . . , ad, γ1,d+1, a1, . . . , ak−1). Let us consider a d-tuple (ad, . . . , a1), for
d ≥ 3 (the cases d = 1 and d = 2 have already been treated in Section 5.2) having at least
one intersection point (assume this is ak). A curve in M1(ak; ak+1, . . . , ad, γ1,d+1, a1, . . . , ak−1)
admits different types of degeneration. For a subset of successive asymptotics (an+j , . . . , an+1),
the stretching the neck procedure between these asymptotics and the others leads the curve to
break on:
(1) an intersection point, in this case the broken curve is a pseudo-holomorphic building
of height 0|1|0, such that the central level contains two index 0 curves with a common
asymptote on the intersection point. For index reasons, the building has no other com-
ponent. This kind of building contributes to
f (d−j+1)
(
ad, . . . ,m
0
j(an+j , . . . , an+1), an, . . . , a1
)
(2) one or several Reeb chords and the pseudo-holomorphic building we get is of height
1|1|0, with possible several index 0 curve in the central level, and one index 1 curve in
the bottom level. We have to distinguish two sub-cases. First, assume that the chord
γ1,d+1 (output of f
(d)) is an asymptotic of a curve in the central level. Then it means
that this curve has in particular a negative Reeb chord asymptotic γn+j+1,n+1 which is
the positive output of a banana in the bottom level. This banana has possibly negative
Reeb chord asymptotics among (an+j , . . . , an+1), and possibly other positive Reeb chord
asymptotics, which are negative asymptotics for the rigid curves in the central level, hav-
ing other asymptotics among (an+j , . . . , an+1). In other words, we have to consider here
all the rigid unfinished buildings which permit to associate to (an+j , . . . , an+1) a chord
γn+j+1,n+1, and a rigid curve in the central level having in particular the asymptotics
γ1,d+1 (output) and γn+j+1,n+1. Such pseudo-holomorphic buildings contribute thus to:
f (d−j+1)
(
ad, . . . ,m
−
k (an+j , . . . , an+1), an, . . . , a1
)
Now assume that in the building, the chord γ1,d+1 is an asymptotic of the curve in the
bottom level. Then this index-1 curve is a curve that contributes to the map ∆. Every
curve in the central level has in particular a negative Reeb chord asymptotic which is
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not in the Floer complexes (chord γi,k with i < k), and such a chord is the output of a
map f . So, these pseudo-holomorphic buildings contribute to:
∆(s)
(
f (is) ⊗ · · · ⊗ f (i1)
)
with is + · · ·+ i1 = d
and with conventions (35) and (36).
Finally, all these possibilities of breaking give the relation:∑
1≤j≤d
0≤n≤d−j
f (d−j+1)
(
id⊗d−j−n⊗m0j ⊗ id
⊗n
)
+
∑
1≤j≤d−1
0≤n≤d−j
f (d−j+1)
(
id⊗d−j−n⊗m−j ⊗ id
⊗n
)
+
∑
1≤s≤d
i1+···+is=d
∆(s)
(
f (is) ⊗ · · · ⊗ f (i1)
)
= 0(48)
with conventions (35) and (36).
Index 2 bananas: ∂M2(γd+1,1; γ1, . . . , γd). We look now the possible degeneration of index-2
bananas. Consider such a banana with Reeb chord asymptotics γd+1,1, γ1, . . . , γd, with γi ∈
C∗(Λ−i ,Λ
−
i+1). It is a pseudo-holomorphic disk with boundary on the negative cylindrical ends of
the cobordisms, so it can break into a pseudo-holomorphic building with boundary on the negative
cylindrical ends too, in particular, each component of the building has index at least 1. So, an
index 2 banana can only break into a building with two components, which have a common
asymptotic to a Reeb chord (which is a positive asymptotic for one component and negative
asymptotic for the other). Let us choose a subset (γn+j , . . . , γn+1) of successive asymptotics of
the banana. Stretching the neck between these asymptotics and the others gives that the curve
can break on:
(1) a Reeb chord γn+1,n+j+1 which is not in the Floer complex CF−∞(Σn+1,Σn+j+1). We
get thus a building with two components. One of them has Reeb chords asymptotics
γn+1,n+j+1, γn+1, . . . , γn+j with γn+1,n+j+1 negative, and the other disk has Reeb chord
asymptotics γd+1,1, γ1, . . . , γn, γn+1,n+j+1, γn+j+1, . . . , γd with γn+1,n+j+1 positive. The
first one contributes to the coefficient:
〈∆(j)(γn+j , . . . , γn+1), γn+1,n+j+1〉
which vanishes if (γn+j , . . . , γn+1) is a j-tuple of Reeb chords in the Floer complexes by
definition of ∆. The second one contributes to the coefficient:
〈b(d−j+1)(γd, . . . , γn+j+1, γn+1,n+j+1, γn, . . . , γ1), γd+1,1〉
And so we deduce that those types of pseudo-holomorphic buildings contribute to:
b(d−j+1)
(
γd, . . . ,∆
(j)(γn+j , . . . , γn+1), γn, . . . , γ1
)
(2) a Reeb chord γn+j+1,n+1 ∈ CF−∞(Σn+1,Σn+j+1), and we get again a building with
two components which have the same asymptotics as the curves above (with γn+j+1,n+1
instead of γn+1,n+j+1), but where γn+j+1,n+1 is a positive asymptotic for the first curve
and negative for the second one. In this case, the two components of the building are
bananas, and so it contributes to
b(d−j+1)
(
γd, . . . , b
(j)(γn+j , . . . , γn+1), γn, . . . , γ1
)
We described above all the types of pseudo-holomorphic buildings in the boundary of the com-
pactification of M˜2(γd+1,1; γ1, . . . , γd) so we deduce that:∑
1≤j≤d
0≤n≤d−j
b(d−j+1)
(
id⊗d−j−n⊗(b(j) +∆(j))⊗ id⊗n
)
= 0(49)
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By combining Relations (48) and (49), we get the following:∑
1≤s≤d
i1+···+is=d
1≤k≤s
b(s)
(
f (is) ⊗ ...⊗ f (ik+1) ⊗
∑
1≤j≤ik
0≤n≤ik−j
f (ik−j+1)
(
id⊗ik−n−j ⊗m0j ⊗ id
⊗n
)
⊗ ...⊗ f (i1)
)
+
∑
1≤s≤d
i1+···+is=d
1≤k≤s
b(s)
(
f (is) ⊗ ...⊗
∑
1≤j≤ik−1
0≤n≤ik−j
f (ik−j+1)
(
id⊗ik−n−j ⊗m−j ⊗ id
⊗n
)
⊗ ...⊗ f (i1)
)
+
∑
1≤s≤d
i1+···+is=d
1≤k≤s
b(s)
(
f (is) ⊗ ...⊗ f (ik+1) ⊗
∑
1≤j≤ik
n1+···+nj=ik
∆(j)
(
f (nj) ⊗ ...⊗ f (n1)
)
⊗ ...⊗ f (i1)
)
+
∑
1≤s≤d
i1+···+is=d
∑
1≤j≤s
0≤n≤s−j
b(s−j+1)
(
f (is) ⊗ ...⊗ b(j)
(
f (in+j) ⊗ ...⊗ f (in+1)
)
⊗ ...⊗ f (i1)
)
+
∑
1≤s≤d
i1+···+is=d
∑
1≤j≤s
0≤n≤s−j
b(s−j+1)
(
f (is) ⊗ ...⊗∆(j)
(
f (in+j) ⊗ ...⊗ f (in+1)
)
⊗ ...⊗ f (i1)
)
= 0
where the sum of the first three lines equals zero because of (48), as well as the sum of the two
last lines because of (49). The sums in the third and fifth lines are equal so cancel each other
(on Z2) and we get then:∑
1≤s≤d
i1+···+is=d
1≤k≤s
b(s)
(
f (is) ⊗ ...⊗
∑
1≤j≤ik
0≤n≤ik−j
f (ik−j+1)
(
id⊗ik−n−j ⊗m0j ⊗ id
⊗n
)
⊗ · · · ⊗ f (i1)
)
+
∑
1≤s≤d
i1+···+is=d
1≤k≤s
b(s)
(
f (is) ⊗ · · · ⊗
∑
1≤j≤ik−1
0≤n≤ik−j
f (ik−j+1)
(
id⊗ik−n−j ⊗m−j ⊗ id
⊗n
)
⊗ · · · ⊗ f (i1)
)
+
∑
1≤s≤d
i1+···+is=d
∑
1≤j≤s
0≤n≤s−j
b(s−j+1)
(
f (is) ⊗ · · · ⊗ b(j)
(
f (in+j) ⊗ · · · ⊗ f (in+1)
)
⊗ · · · ⊗ f (i1)
)
= 0
The first sum corresponds to ∑
1≤j≤d
0≤n≤d−j
m−d−j+1
(
id⊗d−j−n⊗m0j ⊗ id
⊗n
)
and the two last sums to ∑
1≤j≤d
0≤n≤d−j
m−d−j+1
(
id⊗d−j−n⊗m−j ⊗ id
⊗n
)
because the sum in the third line is equal to the missing terms
b(s−j+1)
(
f (is) ⊗ · · · ⊗ f (in+j+1) ⊗m−j ⊗ · · · ⊗ f
(i1)
)
in the second line to give the relation. This ends the proof of Theorem 3.
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6.3. A∞-functor. In this subsection, we naturally generalize the maps F1 and F2 in a family
of maps {Fd}d≥1 satisfying the A∞-functor relation which is that for all d ≥ 1:∑
1≤j≤d
0≤n≤d−j
Fd−j+1(id⊗d−j−n⊗mj ⊗ id
⊗n) +
∑
1≤s≤d
i1+···+is=d
µs(F is ⊗ · · · ⊗ F i1) = 0(50)
where µs are A∞-maps of the augmentation category Aug−(Λ
+
1 ∪ · · · ∪ Λ
+
d+1), and we did not
write the augmentations in index for the formula to stay readable. The maps Fd, for d ≥ 3, are
defined analogously to the maps F1 and F2, by a count of rigid pseudo-holomorphic disks, but
with more mixed asymptotics (see for example Figure 33). So we define
Fd : CF−∞(Σd,Σd+1)⊗ · · · ⊗ CF−∞(Σ1,Σ2)→ C
∗(Λ+1 ,Λ
+
d+1)
by
Fd(ad, . . . , a1) =
∑
γ+∈R(Λ+
d+1,Λ
+
1 )
δ1,...,δd+1
#M0Σ1,2,...,d+1(γ
+; δ1, a1, . . . , δd, ad, δd+1) · ε
− · γ+(51)
where as always the δi’s are words of Reeb chords of Λ
−
i , and again the term ε
− should be
replaced by
∏
ε−i (δi). In order to show the A∞-functor relation, we study degeneration of
0
Figure 33. Example of curve contributing to F4(γ5,4, x3,4, γ3,2, x1,2).
curves in the moduli space M1(γ+; δ1, a1, . . . , δd, ad, δd+1). An index-1 curve in such a moduli
space can break into:
(1) a pseudo-holomorphic building of height 0|1|0 such that the central level contains two
index 0 curves which have a common asymptotic at an intersection point. These buildings
contribute thus to
〈Fd−j+1(id⊗d−j−n⊗m0j ⊗ id
⊗n), γ+〉
(2) a pseudo-holomorphic building of height 1|1|0 with possibly several index 0 curves in the
central level and one index 1 banana in the bottom level (for index reasons, this level
can not contain any other non trivial curve). These buildings contribute to
〈Fd−j+1(id⊗d−j−n⊗m−j ⊗ id
⊗n), γ+〉
(3) a pseudo-holomorphic building of height 0|1|1 with again possibly several index-0 disks
in the central level and one index-1 curve in the top level. These buildings contribute to
〈µs(F is ⊗ · · · ⊗ F i1), γ+〉
As boundary of a 1-dimensional manifold, the sum of all these contributions gives 0 modulo 2,
and this implies the relation (50).
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6.4. Towards an A∞-category. In this last section, let us consider the case of non transverse
Lagrangian cobordisms, in order to be able to define an A∞-category of Lagrangian cobordisms
Fuk−(Λ) associated to a Legendrian submanifold Λ ⊂ Y . Objects of this category are triples
(Σ,Λ−, ε−) where Λ− ⊂ Y is Legendrian, ε− is an augmentation of A(Λ−) and Σ is an ex-
act Lagrangian cobordism from Λ− to Λ. Then, given two such cobordisms (Σ1,Λ
−
1 , ε
−
1 ) and
(Σ2,Λ
−
2 , ε
−
2 ), we want to set
homFuk−(Λ)
(
(Σ1,Λ
−
1 , ε
−
1 ), (Σ2,Λ
−
2 , ε
−
2 )
)
=
(
CF−∞(Σ1,Σ2),m1
)
but obviously Σ1 and Σ2 are non transverse because they have the same positive Legendrian end
Λ. We must perturb one to get a transverse pair in order to be able to compute the differential
∂−∞ = m1 : CF−∞(Σ1,Σ2)→ CF−∞(Σ1,Σ2), as well as the map F1 : CF−∞(Σ1,Σ2)→ C(Λ).
More generally, given d + 1 objects (Σi,Λ
−
i , ε
−
i ), for 1 ≤ i ≤ d + 1, of Fuk−(Λ), we have to
perturb them to obtain a (d+1)-tuple of transverse objects and compute the operations md and
Fd. We do the following choice of perturbations.
Let T > 0 such that Σi\([−T, T ] × Y ∩ Σi) are all cylindrical. For 1 ≤ i ≤ d + 1, and
ǫ > 0 small, we denote Σ′i := Φ
(i−1)ǫ
HD
(Σi) (see Section 4.2). Now, the positive ends of the
cobordims is a cylinder over d + 1 parallel copies of Λ. We choose Morse functions in order to
perturb these copies and get the (d + 1)-copy of Λ as defined in Section 3.2. We still denote
Σ′i the cobordisms after perturbation of the Legendrian ends. The family (Σ
′
1, . . . ,Σ
′
d+1) is then
a family of transverse objects except maybe in [−T, T ] × Y . So now we perturb the compact
parts Σ′1, . . . ,Σ′d+1. In order to do so, we equip them with Floer data and perturbation data
(see [Sei08]). The maps md and Fd on CF−∞(Σd,Σd+1)⊗ · · · ⊗CF−∞(Σ1,Σ2) are then defined
by a count of disks satisfying the equation du(z) ◦ j = J(z) ◦ du(z) in the cylindrical ends and
the perturbed Floer equation in [−T, T ]× Y , i.e. the pseudo-holomorphic curves are asymptotic
to Hamiltonian trajectories coming from the Floer data associated to each pair of Lagrangian
cobordisms (see [Sei08, Equation (8.9)]).
Now, the set of maps {Fd}d≥0 defines an A∞-functor
F : Fuk−(Λ)→ Aug−(Λ)
where F0 is the map on objects given by F0(Σ,Λ−, ε−) = ε−◦φΣ. This functor is cohomologically
full and faithful because for each Σ1,Σ2 ∈ Ob(Fuk−(Λ)), the map F1 : CF−∞(Σ1,Σ2) →
C∗(Λ1,Λ2) is a quasi-isomorphism. This functor is even a pseudo-equivalence (see [BC14]).
However, this category Fuk−(Λ) is by construction dependent on the choice of perturbations
we made. But on the other side, by [BC14, Theorem 2.14], two Legendrian isotopic submanifolds
have pseudo-equivalent augmentation categories, which means that under pseudo-equivalence,
the augmentation category does not depend on the choice of Morse functions made to define the
(d+1)-copy. So we have the following diagram, where P and P˜ denote two choices of perturbation
to compute Fuk−(Λ), which contain respectively the choices f and f˜ of Morse functions to perturb
the d+ 1 parallel copies of Λ:
Fuk−(Λ,P) −→ Aug−(Λ, f)
↓ ↓
Fuk−(Λ, P˜) −→ Aug−(Λ, f˜)
The vertical right arrow is a pseudo-equivalence, and the two horizontal arrows are also pseudo-
equivalences because they are cohomologically full and faithful functors and every object ε in
Aug−(Λ) is equal to the image object F
0(R×Λ,Λ, ε) (so in particular these objects are trivially
pseudo-isomorphic). By [BC14, Proposition 2.6], pseudo-equivalence is a symmetric relation so
there exists a pseudo-equivalence Aug−(Λ, f˜)→ Fuk−(Λ, P˜). Hence, the categories Fuk−(Λ,P)
and Fuk−(Λ, P˜) are pseudo-equivalent.
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In dimension 3, as already evoked, Ng, Rutherford, Shende, Sivek and Zaslow in [NRS+] have
defined a “+” version of the augmentation category, the A∞-category Aug+(Λ). This category
is unital contrary to Aug−(Λ). The A∞-maps can also be computed by a count of pseudo-
holomorphic disks with boundary on the k-copy of Λ, but this time, the Morse perturbations must
be really specific, and Morse chords play an essential role. Performing this type of perturbation
for triples (Σ,Λ−, ε−) as above, we can define a category Fuk+(Λ), which has the same objects
as Fuk−(Λ) but to define the A∞-maps, we proceed as follows. Given d+1 objects (Σi,Λ
−
i , ε
−
i ),
for 1 ≤ i ≤ d + 1, let ǫ > 0 small, we denote Σ′i := Φ
(1−i)ǫ
HD
(Σi). Now, the positive ends of the
cobordisms is a cylinder over d + 1 parallel copies of Λ, but this time Λ1 := Λ is the top copy
while Λd+1 := ϕ
R
−d(Λ) is the bottom copy. We choose Morse functions as in [NRS
+] to perturb
these copies and we still denote Σ′i the cobordisms after perturbation of the Legendrian ends.
Then we need to perturb as above the compact parts of the cobordisms to define the maps md.
We get in this case a functor G : Fuk+(Λ)→ Aug+(Λ) such that G1 is a quasi-isomorphism. The
category Aug+(Λ) being unital, Fuk+(Λ) is cohomologically unital and G is a quasi-equivalence.
References
[Abb14] C. Abbas. An introduction to compactness results in symplectic field theory. Springer, Heidelberg,
2014.
[AD10] M. Audin and M. Damian. Théorie de Morse et homologie de Floer. Savoirs Actuels (Les Ulis).
[Current Scholarship (Les Ulis)]. EDP Sciences, Les Ulis; CNRS Éditions, Paris, 2010.
[BC14] F. Bourgeois and B. Chantraine. Bilinearized Legendrian contact homology and the augmentation
category. J. Symplectic Geom., 12(3):553–583, 2014.
[BEH+03] F. Bourgeois, Y. Eliashberg, H. Hofer, K. Wysocki, and E. Zehnder. Compactness results in sym-
plectic field theory. Geom. Topol., 7:799–888, 2003.
[CDRGG] B. Chantraine, G. Dimitroglou Rizell, P. Ghiggini, and R. Golovko. Floer theory for lagrangian
cobordisms. arXiv:1511.09471[math.SG].
[CDRGG15] B. Chantraine, G. Dimitroglou Rizell, P. Ghiggini, and R. Golovko. Floer homology and Lagrangian
concordance. In Proceedings of the Gökova Geometry-Topology Conference 2014, pages 76–113.
Gökova Geometry/Topology Conference (GGT), Gökova, 2015.
[Cha10] B. Chantraine. Lagrangian concordance of Legendrian knots. Algebr. Geom. Topol., 10(1):63–85,
2010.
[Che02] Y. Chekanov. Differential algebra of Legendrian links. Invent. Math., 150(3):441–483, 2002.
[CKE+11] G. Civan, P. Koprowski, J. Etnyre, J. M. Sabloff, and A. Walker. Product structures for Legendrian
contact homology. Math. Proc. Cambridge Philos. Soc., 150(2):291–311, 2011.
[CNS16] C. Cornwell, L. Ng, and S. Sivek. Obstructions to Lagrangian concordance. Algebr. Geom. Topol.,
16(2):797–824, 2016.
[DR16a] G. Dimitroglou Rizell. Legendrian ambient surgery and Legendrian contact homology. J. Symplectic
Geom., 14(3):811–901, 2016.
[DR16b] G. Dimitroglou Rizell. Lifting pseudo-holomorphic polygons to the symplectisation of P × R and
applications. Quantum Topol., 7(1):29–105, 2016.
[Dra04] D. L. Dragnev. Fredholm theory and transversality for noncompact pseudoholomorphic maps in
symplectizations. Comm. Pure Appl. Math., 57(6):726–763, 2004.
[EES05a] T. Ekholm, J. Etnyre, and M. Sullivan. The contact homology of Legendrian submanifolds in R2n+1.
J. Differential Geom., 71(2):177–305, 2005.
[EES05b] T. Ekholm, J. Etnyre, and M. Sullivan. Non-isotopic Legendrian submanifolds in R2n+1. J. Differ-
ential Geom., 71(1):85–128, 2005.
[EES07] T. Ekholm, J. Etnyre, and M. Sullivan. Legendrian contact homology in P ×R. Trans. Amer. Math.
Soc., 359(7):3301–3335 (electronic), 2007.
[EES09] T. Ekholm, J. B. Etnyre, and J. M. Sabloff. A duality exact sequence for Legendrian contact homol-
ogy. Duke Math. J., 150(1):1–75, 2009.
[EG98] Y. Eliashberg and M. Gromov. Lagrangian intersection theory: finite-dimensional approach. In Ge-
ometry of differential equations, volume 186 of Amer. Math. Soc. Transl. Ser. 2, pages 27–118.
Amer. Math. Soc., Providence, RI, 1998.
[EGH00] Y. Eliashberg, A. Givental, and H. Hofer. Introduction to symplectic field theory. Geom. Funct.
Anal., (Special Volume, Part II):560–673, 2000. GAFA 2000 (Tel Aviv, 1999).
PRODUCT STRUCTURES IN FLOER THEORY FOR LAGRANGIAN COBORDISMS 63
[EHK16] T. Ekholm, K. Honda, and T. Kálmán. Legendrian knots and exact Lagrangian cobordisms. J. Eur.
Math. Soc. (JEMS), 18(11):2627–2689, 2016.
[Ekh12] T. Ekholm. Rational SFT, linearized Legendrian contact homology, and Lagrangian Floer cohomol-
ogy. In Perspectives in analysis, geometry, and topology, volume 296 of Progr. Math., pages 109–145.
Birkhäuser/Springer, New York, 2012.
[EL] T. Ekholm and Y. Lekili. Duality between lagrangian and legendrian invariants. arXiv:1701.01284v3
[math.SG].
[Eli98] Y. Eliashberg. Invariants in contact topology. In Proceedings of the International Congress of Math-
ematicians, Vol. II (Berlin, 1998), number Extra Vol. II, pages 327–338, 1998.
[ENS02] J. B. Etnyre, L. L. Ng, and J. M. Sabloff. Invariants of Legendrian knots and coherent orientations.
J. Symplectic Geom., 1(2):321–367, 2002.
[Etn] J. Etnyre. Legendrian and transversal knots. In Handbook of knot theory, pages 105–185.
[FR11] D. Fuchs and D. Rutherford. Generating families and Legendrian contact homology in the standard
contact space. J. Topol., 4(1):190–226, 2011.
[Gol13] R. Golovko. A note on Lagrangian cobordisms between Legendrian submanifolds of R2n+1. Pacific
J. Math., 261(1):101–116, 2013.
[Gro85] M. Gromov. Pseudoholomorphic curves in symplectic manifolds. Invent. Math., 82(2):307–347, 1985.
[MS12] D. McDuff and D. Salamon. J-holomorphic curves and symplectic topology, volume 52 of American
Mathematical Society Colloquium Publications. American Mathematical Society, Providence, RI,
second edition, 2012.
[Mur] E. Murphy. Loose legendrian embeddings in high dimensional contact manifolds.
[Mye] Z. Myer. A product structure on generating family cohomology for legendrian submanifolds.
arXiv:1712.00364v2 [math.SG].
[NRS+] L. Ng, D. Rutherford, V. Shende, S. Sivek, and E. Zaslow. Augmentations are sheaves.
[Pan17] Y. Pan. The augmentation category map induced by exact Lagrangian cobordisms. Algebr. Geom.
Topol., 17(3):1813–1870, 2017.
[Sei08] P. Seidel. Fukaya categories and Picard-Lefschetz theory. Zurich Lectures in Advanced Mathematics.
European Mathematical Society (EMS), Zürich, 2008.
[ST13] J. M. Sabloff and L. Traynor. Obstructions to Lagrangian cobordisms between Legendrians via
generating families. Algebr. Geom. Topol., 13(5):2733–2797, 2013.
